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CHAPTER I
THE PROBLEM AND METHOD OF RESEARCH
I. THE PROBLEM
Bl statement lof the Problem
The original intent of this investigation was to delineate
the mathematical proficiency of the ancient Hebrews. The Hebrews
have generally been assumed a religious people^ making a religious
contribution to civilization, with a nearly complete ignorance
and nearly total disability in the scientific arts of the ancient
world. Such a broad assertion of ignorance certainly needs veri
fication. The thesis of this paper is that the Hebrews are not
as ignorant in the exact sciences as has been assumed, and that
this can be verified by an investigation of one of these exact
sciences, namely mathematics,
A most cursory investigation soon acquaints one with the
fact that no comprehensive effort has been made to study the
mathematical accamplishments of the Hebrews during the Biblical
period. There is little information in the Hebrew Scriptures
about mathematics, and little more extant material outside the
Scriptures to examine for information. The paucity of direct
material forced the investigation into another approach to the
problem.
In recent decades historians have become aware that the
amount of economic and cultural exchange among the peoples of the
ancient Near East was greatly underestimated by antecedent
2scholarst. Most modern scholars agree that the Hebrews were
active participants in this exchange, perhaps among the most
active, because of their strategic location at a crossroad of
the ancient world. Moreover, one would marvel if the Hebrews
participated in this exchange in only isolated areas of everyday
life, such as religion, and neglected to participate in other
practical areas. Consequently, something of the potential devel
opment of the Hebrews in mathematics can be derived from the
study of the mathematical environment in which they lived. One
is thus forced to study the number systems of the other ancient
Wear Eastern peoples in order to better understand what the
Hebrews did or could have done. Consequently, a secondary pur
pose of this paper is a survey of other number systems with which
the Hebrews had contact.
�. Justification of the Study
Such a study as outlined above is necessary, for even
encyclopedia articles which discuss Hebrew mathematics are forced
to begin their discussions in the post-Biblical period. Secondly,
no survey of all the number systems of the ancient Near East is
available in one location, even in the histories of mathematics.
Most of these begin with a perfunctory chapter on pre-Greek
mathematics, not going into detail until the Greek accomplish
ments of the fifth century B. C. and after, when mathematics
"really began," What is usually intended is that deductive
3mathEinatics began with the Greeks and somehow the inductive
mathematics that preceded it is unimportant or less important.
Rectification of the omission of the study of the Hebrew number
system and the other systems of its environment is thus the dual
intention of this thesis..
II. DEFINITIONS OF NECESSARY MATHEMATICAL TERMS
Certain classifications of numbers are useful for our
discussion of any number system, and are here defined. These
classifications are especially useful in discussing the second
ary operations of involution (raising a number to a power) and
evolution (extracting the root of a number). In the late nine
teenth and early twentieth centuries numerical analysts organized
the number structure as a sequence of infinite sets, each of
which is contained in the following, A "set" is an undefined
term that is intuitively understood to be a well-defined col
lection of objects or numbers. The word "well-defined" means
that the set is determined by a property common to all tha
elements or numbers of the set, but common to no other elements,
in such a manner that one can decide whether or not any given
object or number is a member of the set. The sets of elementary
arithmetic can be outlined as follows:
NATURAL NUMBERS The counting numbers. N =: (1, 2, 3,.,.)"'"
^Three dots indicate that the number set is non-terminating
RATIONAL NUMBERS
REAL NUMBERS
INTEGRAL NUMBERS The counting numbers, zero, the negatives
of the counting numbers.
I " C�** ""3, �2, ""I| 0, 1, 3,�aD)
The integers and the fractions.
R = (All X such that x = p/q, where p
is an integer and q is a natural
number)
The rationals and the irrationals which
are those numbers that can not be
expressed as the ratio of an integer to
a natural,
R# = (All X such that x is a non-termi
nating decimal, either repeating
or non-repeating)
Complex numbers are also defined, but since these do not occur in
the ancient world they are not discussed. The following "Venn"
diagram shows pictorially that esch set is contained in the
following. Each circle represents a set.
Irrationals
5While this system of organization is logically the best discovered,
it does not necessarily represent the order in which numbers were
discovered. For example, zero enters this system very early, but
a symbol was not used for what we call zero until approximately
300 B. C. as will be seen in connection with the Babylonian
number system. Similarly, negative numbers were hinted by the
Babylonians, but no consistent theory of negatives was developed
until the seventeenth century. Fractions are introduced rela-
tively late into this logical sequence, but were known to the
earliest mathematicians.
Certain other mathematical definitions will be introduced
at the point where they are needed, because they are of only
local interest in the study and not essential in every phase of
it.
III. DRGANIZATIDN AWD LIMITATION OF THE STUDY
Organization
The main body of this study will be organized about the
individual number systems, normally with a chapter devoted to
each. Prior to this main body, a brief introductory chapter
will be devoted to a survey of the evolution of the process of
counting. This survey is applicable to nearly any number system
that evolves in comparative isolation. It is especially appli
cable to the pre-history of the Sumerian, Egyptian and Roman
6number systems. The others are less related to this ev/olution
because they more directly build upon preceding number systems.
The third chapter will be devoted to the Sumerians, They
actually lived and disappeared as an independent people before
the Hebrews existed as an independent Semitic people, but they
are important to this study because they were the mathematical
forerunners of the Babylonians. A study of their number system
aids materially in understanding the Babylonians. For the
purposes of this study the Sumerians form a transitional link
between the primitive evolution of number and the fairly
elaborate system of the Babylonians.
Chapters four and five will be devoted to the Babylonians
and Egyptians respectively. These are the two cultures with
which the Hebrews had the greatest contact during their early
history. Thus, their number systems need to be investigated
for the possible direct bearing they had on the Hebrew number
system.
Chapter six will be devoted to two lesser known cultural
groups that were closely linked, the. Mycenaean Greeks and the
Phoenicians, including the inhabitants of Ugarit, At present,
not much is known about these systems and their interrelation
ships, but what is available is surveyed here for its possible
influence upon the Hebrews during the times of conflict with
the Philistines and the exchange that took place during the
7days of David and Solomon.
Chapters seven and eight uill be devoted to the Greeks and
Romans, uho were in considerable contact with the Hebrews during
the last four centuries B. C. Special attention will be paid to
the similarities between the Greek and Hebrew alphabetic numeral
systems.
Chapter nine will be the concluding chapter outlining the
number system of the Hebrews and pointing out its possible points
of contact with the preceding systems discussed in the other
chapters.
A summary and certain suggestions for further study will
be made in chapter ten.
Internally, each chapter will be organized around the
following elements of the number systems: (1) the base of the
number system, (2) the symbols used to write the numerals
logographically , (3) the basic operations which are addition,
multiplication, subtraction and division, (4) the secondary
operations which are involution (the raising of a number to a
power) and evolution (the extracting of a root of a number),
(5) other evidences of an expanding concept of number such as
the presence of (a) zero, (b) negative numbers, (c) fractions
and (d) irrational numbers. Certain portions of this outline
will be omitted where the number system under discussion did
not have the given element. For example, zero is not discussed
6extensivEly in those systems which had no zero element such as
the Sumerian, Egyptian and Roman systems. Furthsrmore, under the
fifth point of other evidences of an expanding concept of number,
extra material may be discussed in certain number systems � For
example, some discussion is necessary of the exceptional achieve
ments in algebra by the Babylonians. Similarly, when discussing
the Greeks it is necessary to note some of the more unusual
properties of numbers that they investigatedj such as prime
numbers, perfect numbers and amicable numbers.
Limitations
Certain limitations have been placed upon this study
because of the sheer bulk of material to be surveyed. No study
of Biblical numerics or gematria, or other esoteric interest is
intended or undertaken. Such studies are for the most part a
medieval development and shed little light upon the objectives
of this study. Applied mathematics in the areas of astronomy,
building, measuring, monetary exchange and weighing is largely
ignored in this study for two reasons. The first is that most
information from such sources is inferred rather than direct or
is obtainable only after the mastery of a wide variety of
different disciplines, far beyond the scope of this project.
For example, in the areas of weights and measures, there are so
many different types of measures used even in the same location,
that it is more probable that knowledge of the number system of
9that culture will shed light on the system of measures than the
reverse. One exception to this statement is that in the Seleucid
period of the Babylonian system and in the later Greek period,
some alight mention will be made of the contribution astronomy
made to the comprehension of zero. The second reason for
ignoring the practical uses of mathematics is that in most of
the cultures studied there is more direct evidence about the
number system available in mathematical tablets or treatises.
Finally, little attention is paid to the fascinating development
of geometry, except where inevitable because of the intertwining
of number theory and geometry in the Greek system.
IV. A SURVEY OF THE HISTORY AND PRESENT STATUS OF THE PROBLEM
The study of the Sumerians is a new enough discipline that
information about the number system has not found its way into
the standard histories of mathematics. Consequently, one must
turn to the summaries of the scholars working in the field. The
roost notable of these is Samuel Noah Kramer.
Some of the standard histories of mathematics have limited
discussions, or very brief chapters on the mathematical accom
plishments of the Babylonians. Therefore, one must turn again
to a different source to gain insight into their numerical
system. During the two decades from 1930 to 1950 determined
efforts to accumulate knowledge about, and copies of, the cuneiform
tablets related to mathematics were made by such scholars as Otto
Neugebauer , Adolph Sachs and F. Thureau-Dangin. They made the
major collections, but some work has continued intermittently.
The standard histories of mathematics contain adequate
discussions of the development of the Greek and Egyptian number
systems. The progress in these fields has been much less spec
tacular than that in the Mesopotamian area.
Material on the number systems of the Mycenaean Greeks is
of recent origin and must be gleaned from perdodical literature.
No single scholar has established himself as a leader in this
area. Information about the Phoenicians is scarce and must be
gleaned from general histories, except in the case of the city
of Ugarit where one may turn to the recent progress evidenced
by the works of Cyrus Gordon.
One may again turn to the standard histories for informa
tion about the Romans. These lack something with respect to the
early history and the number system of the Etruscans which
hopefully will be rectified at some future date.
Finally, as stated before, there is no available work
about the number system of the Hebrews, nor any comprehensive
study of Hebrew arithmetic before the second century A. D.
\J. SOURCES AND METHOD OF PROCEDURE
Sources
For chapter two, which is an introductory chapter on the
11
evolution of counting, the majority of sources are standard
mathematical histories. !\!d attempt was made to do research in.
primitive number names, a study beyond the needs of the two
objectives of this thesis.
The prime sources for chapter three on the Sumerians have
been Samuel IMoah Kramer's The Sumerians end Louis Joseph Dela-
porte's Mesopotamia. These are summaries of the author's
researches and studies of the Sumerians and are secondary in
nature with no reproductions or translations of mathematical
texts.
Most of the chapter on the Babylonians is based on descrip
tive materials in histories of mathematics, the exceptions being
use of Otto Neugebauer ' s The Exact Sciences in Antiquity and
H. F. Lutz' article in Uolume 36 (July, 192D) of The American
Journal of Semitic Languages and Literatures, both of which
contain reproductions and translations of cuneiform texts.
In connection with chapter five which is about the
Egyptian number system, various histories were used, some of
which contained partial translations and commentaries on the
Ahmes Papyrus and the Moscow Papyrus, the two main sources of
information about Egyptian mathematics.
Information about the Phoenicians has been drawn from a
variety of sources, none of which reproduce texts or trans
lations. Information about the number system of Ugarit is
taken from Cyrus H. Gordon's Ugaritic Textbook which contains
12
one numerical text in cuneiform and transliterations of twelve
more. Most of the material on the Mycenaean Greek system is
taken from Wentris' and Chadwick's Documents in Mycenaean Greek
which contains translations and commentary on various texts.
The material for chapter seven concerning the Greeks comes
from standard histories of mathematics the most outstanding of
which is Sir Thomas L, Heath's A History of Greek Mathematics,
Information on the Roman system was drawn from several
general histories of mathematics.
The study of the Hebrew system was based on the Masoretic
Text of the Hebrew Scriptures, and where translated, the American
Revised Version was used.
Method of Procedure
The analytical method was used in the handling of all
secondary material taken from the histories of mathematics, and
other secondary sources. Special care was taken in the compari
son of older sources with those of more recent date to avoid
acceptance of an outdated viewpoint. In some areas, for example
the study of the Greek system, the older texts remain the best
available, because they are more comprehensive. Newer works are
then used for corrective purposes on minor points and chronology.
Certain portions of chapter four reflect an inductive
approach to the Babylonian number system, using the text
published by H. F. Lutz, Also, the chapter on the Hebrew
13
number system is a reflection of the inductive approach in that a
survey of the use of numerals in the Did Testament was made.
Furthermore, those conclusions drawn from a comparison with other
number systems is inductive in nature.
CHAPTER II
THE EUOEUTIDN OF COUNTING
I, INTRODUCTION
The purpose of this chapter is to summarize the most
commonly accepted view of the history of the evolution of
counting.
Scholars generally agree that number systems do not spring
forth fully developed over a brief period of time. All the
systems to be studied in subsequent chapters are studied in more
or less their final form, with very little opportunity to empha
size their development, save in the case of the Babylonian
system. Those elements most likely to have occurred in the
development of any of the systems from a primitive form to the
form which is actually studied in this thesis are surveyed. The
Sumerian, Egyptian and Roman systems are the ones most likely to
have a prehistory similar to that described in this chapter. The
Babylonian is directly dependent on the Sumerian; the Greek is
directly dependent on the Egyptian and Babylonian systems; the
Ugaritic seems most closely related to the Babylonian; while
the Mycenaean Greek seems most closely related to tbe Egyptian.
These systems would not be expected to evolve along the same
lines since they did not begin from a primitive form.
The remainder of this chapter is organized about a study
of the sources from which scientists draw their information about
15
the evDlution of the counting process, followed by a description
of their conclusions.
II. SOURCES OF INFORMATION
Whether one views man as biologically evolving from lower
forms in intelligence and ability to express himself, or Bibli
cally views man as originally perfect and subsequently depraved
and ignorant, nearly everyone believes that man could not count
in the beginning and necessarily learned to do so. Most students
of ancient man are thus interested in how he learned to count.
There is no record of the process by which man learned to count,
therefore, a reasonably safe conclusion is that he learned to
count before he learned to write. Moderate evolutionists draw
evidence about the development of the ability to count from at
least two sources. The first source is dependent on the
evolutionary principle that the development of the individual
parallels the development of the race. This is usually called
the "Theory of Recapitulation" or the "Biogenetic Law."
^
With
respect to counting, as the child develops in his comprehension
of numbers, so the race must have developed in its comprehension
of numbers. Thus, one available source of knowledge about how
the race discovered numbers is the child psychologist and other
Id. Gordon Uhaley e_t al. , Principles of Biology (New York:
Harper and Brothers, 1954), p. 638..
16
researchers of the learning process. This source has not been
especially fertile, but has produced one important result. A
child, and presumably the race before him, has a "number sense"
before he has the ability to count. A child, and even some birds
and animals, can distinguish among one, two or even three objects
although they have no names or symbols to represent these quan
tities. This number sense may be partially, but not completely,
dependent on the ability to distinguish size and shape.
A second source of knowledge about the concept of numbers
developed among the ancients is the modern anthropologist. The
ancients are assumed to be more simple, more primitive and more
ignorant the more remote they are from us. The essential cultural
characteristics of a primitive society are assumed to be the same
throughout history. Therefore, study of the modern primitive
gives insight into the ancient primitive. Mathematicians have
noted with interest the anthropological studies of counting
among the,more primitive peoples of Australia, Polynesia, Africa
and South America, and have been able to draw certain conclusions,
III. DESCRIPTION OF THE EV/OLUTION OF COUNTING
One of the most notable discoveries that may be related to
the ancient history of mathematics is that most primitives do not
count to large numbers. Some tribes count "one, two, many,"
having only three distinct words with the last meaning any
17
inexpressible number in approximately the same sense that the
word "infinity" is presently used. The next step up the evolu
tionary ladder is supposed to be the discovery of the advantage
of repetition. Dirk 3. Struik called this discovery the beginning
of mathematical systems."^ He illustrated his viewpoint with
Australian and Polynesian tribes whose language had words for
only "one" and "two," but who
...counted up to 3 and k, expressed as the sum of 1 plus
2 and 2 plus 2, Their language rarely went beyond the
number k. A few, however, had a special term for three,
and this step apparently represents a considerable advance
beyond the primitive method of pairing. The early develop
ment of numbers is illustrated by the language of the Hami-
laroi tribes in Australia: their word for 1 is mal; for 2,
bulan; for 3, guliba; for k, bulan bulan (2 plus 2); ^'or 5,
bula quliba (2 plus 3); for 6, quliba guliba (3 plus 3).'+
Actually this progress involves two principles, addition as well
as repetition of the number words.
While the number names may have been few among the primi
tives, they were not limited to these expressed numbers. The
"number sertse" of the primitive outstripped for a time his
ability to express numbers. The discovery that enabled man to
advance, using his "number sense," was what the modern mathema-
^ Francis William Rolt-Wheeler (ed.), The Science-History
of the Universe (fMew York: Current Literature Publishing Company,
TSDSh p. 4.
Dirk 3. Struik, "Stone Age Mathematics," The Scientific
American, CLXXIX (December, 1948), 45.
^
Ibid.
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tician calls "one-to-one correspondence," LJhile the primitive
sheepherder or hunter may have been able to count only to two,
four or six, he still could keep watch over his animals by
pairing them one by one with another collection or "set" of
objects, such as bits of wood or pebbles. The basic obstacle
overcome by one-to-one correspondence was the previous lack of
recognition that two men and two sheep had something in common,
namely "twoness," That this obstacle existed is shown by the
fact that in the early stages of vocal counting, different sounds
5
were used for two in "two sheep" and "two men," One of the
most natural and usable sets for establishing one-to-one corre
spondence was built into man, namely his hands and feet. Thus,
any number up to twenty could easily be matched one-to-one with
the fingers and toes. Many historians of mathematics believe
that this built in set explains why nearly every number system
discovered has had for its base either five, ten or twenty. Ten
became by far the most popular grouping, perhaps because of the
inconvenience of sitting or squatting in order to use the toes.
UJ. liJ, Rouse Ball supports the concept that basal grouping is
associated with man's fingers by saying, "... in some languages
the names for the first ten numbers are derived from the fingers
Howard Eves, An Introduction to the History �f Mathemat-
ics (New York: Rinehart and Company, 1953T7"p. 7.
used to denote them,"
^
This is also true for the Sumerian
system, Louis Joseph Delaporte says,
At first they considered the five fingers of the hand and
counted: ash (1), miri (2), esh (3), limmu (4), i^, i^ (5),
The number 5 being conspicuously inadequate they developed
this notation by adding on the first four. That gives ash
(iash, S), imin (i-min, 7), ussu (? i-esh, 8), and ilimmu
(i-limmu, 9), and for the two groups of five they invented
a new name of which they made a new and higher unit the
decade ij (10), twice which, the score, was called nish (20)
The importance of one-to-one correspondence can not be overem
phasized, for man now had a means of counting any size number;
up to ten with the hands, and larger numbers with pebbles, knot
shells or sticks.
Perhaps sticks and bundles of sticks gave impetus to the
next major advance, the discovery of the process of tallying.
Simple tally marks use the principle of repetition of a single
symbol and the concept of one-to-one correspondence. However,
the correspondence exists not between the objects to be counted
and the pebbles, but rather with marks made in the dirt or on a
wall with charcoal. Many scholars agree with those who wrote,
The earliest efforts to represent numbers are lost in the
dimness of the past .... Only one thing is reasonably
sure, that in every civilization the symbol for the number
one was a single mark, either a simple vertical stroke or
U. U. Rouse Ball, A
Mathematics (New York: Dover
the fourth edition of 1908),
Short Account of the History of
Publications, n. d., Reprint of
p. 121.
Louis Joseph Delaporte, Mesopotamia (New York: Alfred
A. Knopf, 1925), p. 227.
20
perhaps a horizontal one.
The use of one-to-one correspoqdence and pebbles led to another
significant discovery, the suan-pan or abacuso Combined with the
concept of a base and its powers, which is a comparatively recent
development, the ancients had all the components necessary to
make the computational aid that has been used on every continent
in nearly every age from 3000 B. C. to the present.
IV/. COMCLUSIOIM
In this chapter a foundation has been laid for the more
complete understanding of subsequent number systems by noting
the most likely pattern of evolution of the process of counting.
Two basic sources of information have been noted, namely the
study of the development of the child, and the study of modern
primitive societies. The development of counting from the
primitive "one, two, many" through the use of the fingers to
the development of the concept of place value which allowed the
discovery or invention of the abacus has been surveyed. With
this background a study of the Sumerian number system may be
begun.
Charles F. Brumfiel, Robert E. Eicholz and Merrill E.
Shanks, Fundamental Concepts o_f Elementary Mathematics (Reading,
Massachusetts: Addison-hJssley Publishing Company, 1962), pp. 14-15.
CHAPTER III
THE SUMERIAN NUMBER SYSTEM
I. INTRODUCTION
Some of the oldest traces of civilized living come from
the banks of the Tigris and Euphrates rivers. Numerous cities
thrived with varying political fortune during the fifth, fourth
and third millennia B. C, One of the most important of these
was Sumer. The purpose of this chapter is to outline the number
system that was first developed at that Mesopotamian city.
A question may arise concerning why the system of the
Sumerians who lived and disappeared as an independent people
prior to the time that the Hebrews came into existence as an
independent people should be studied. The inclusion is justified
on the basis that the Babylonian system of counting with which
the Hebrews came into wide contact begins at Sumer, The Akkadians
who conquered the Sumerians wholeheartedly adopted their number
system, in fact two number systems, and used them for many
centuries. We can derive a more complete understanding of the
progress and development of the Babylonians by knowing what the
Sumerians had accomplished before them.
This chapter will be organized in accordance with the
outline stated previously, discussing the base, script, primary
operations, secondary operations, the absence of zero, the
absence of negatives, and the presence of fractions and irrational
22
numbers. Exceptions to the indicated order occur in the case of
the base, which is presented in an inductive form after the script
has been introduced. In connection with the discussion of the
base, a special problem is noted which is resolved by concluding
that the Sumerians used two different bases simultaneously, and
even in some tablets concurrently.
Through the efforts of such men as C. Leonard Woolley and
Samuel Noah Kramer many of the secrets of Sumerian life are now
open to all. Mathematics is not one of these. At present, no
Sumerian scholar has had any great interest in mathematics.
Consequently, dependency exists in large measure upon indirect
evidence from Babylonian materials for proof of Sumerian accom
plishments. The difficulty in assessing the Sumerian achievement
is also compounded by the use some scholars make of the word
"Babylonian." For some it means only what relates to the city
state of Babylon. For others it means anything related to the
"Fertile Crescent" from the time of Hammurapi to the time of
"Persian" domination. For others "Babylonian" is an all inclu~
sive term for anything related to the Middle East at any time
prior to the Christian era. For these the mathematical achieve
ment of the Sumerians is assimilated with the accomplishments of
the "Babylonians" of the first and subsequent dynasties during
the period from 2100-18DO B. C. These works must be read with
extreme care.
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As mentioned in li^ie introductory chapter, the sources
available for the study of the Sumerians are descriptive and
consist of summaries of the researches of various scholars.
Consequently, the method of this chapter is essentially analyti-
cal and descriptive in accordance with the information. The one
exception of the inductive approach to the problem of the base
has been previously noted.
II. A DESCRIPTION OF THE SUMERIAN SYSTEM
The Script or Symbols Used to Ldrite the Numbers
Kramer outlines two basic number scripts used by the
Sumerians.^ One he labels "Old," the other "Late" with both
Decimal
Value
1 2 3 k 5 3 10 11 20
Old b D J> }>J>
o OO
Late 7 Hf yrr y y
y F
yWy2 < V ii
Decimal
Value
60 61 70 100 600 1000 3600 10000 36000
Old 7)0
3 o. �
Late J y y y < 1-' J 2 <>
Samuel Noah Kramer, The Sumerians (Chicago: The Univer
sity Press, 1963), p. 192.
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probably predating 3000 B. C. and certainly predating 2300 B. C.
The table on page 23 summarizes Kramer's scripts collated with
some variations noted by Tobias Dantzig, which are indicated by
2the footnote numeral. By collating the charts of these two
scholars it is possible to draw several conclusions and to note
certain problems. The "Old" numerals were made with two round,
blunt ended styles: of differing size,"^ The "Late" numerals are
in the familiar cuneiform. The similarity of the Sumerian
system to a simple tally is apparent, especially through the
number nine. The "Old" symbols for a unit were made by pressing
the smaller round stylus obliquely onto the clay. Kramer draws
all his "Late" unit wedges the same size, grouping them in two
rows, with the second row directly under the first for even
numbers, and staggered for the odd numbers, Dantzig and most
other earlier scholars use vertical wedges of two different
sizes, in every case the terminal wedge being slightly larger,
Ulith the larger terminal wedge, the second row is always directly
beneath the first regardless of whether the number is odd or even.
The numeral ten required a new symbol. Numbers between
ten and twenty are formed with ten and the appropriate number of
unit symbols. Twenty is formed with two ten symbols, meaning
2
Tobias Dantzig, Number; the Language of Science (New
York: The Macmillan Company, 1954), p. 22.
3 Louis Joseph Delaporte, Mesopotamia (New York: Alfred
A. Knopf, 1925), p. 227.
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ten plus ten. Thus far nothing but repetition and the additive
principle are used. Our first impression would be that ten is
the base. If this were true one would expect repetition and
addition to be used with no new symbol introduced until one hun
dred is reached, at which point a new symbol would be introduced
confirming ten as the base. Unfortunately, this is not the case.
Fifty-nine is written exactly as we would expect, but sixty,
instead of being formed with six repetitions of the symbol for
ten, is formed like the number one. There is no essential
difference between the two numbers, except that in the "Old"
script the large stylus was used producing a difference in
size. The numeral sixty-one in the "Late" script is similar
to "two" but is slightly more separated, indicating that the
additive principle again is active as expected. The fact that
the numerals for one and sixty and for two and sixty-one look
alike shows that the "Late" system was less perfect than the
"Old" system, but apparently was adequate for the Sumerian 's
purposes since they did not abandon the "Late" system as they
did the "Old."
Context necessarily assumes a very large role in deter
mining just what number is intended. At this point another
principle of mathematics is introduced that apparently was first
Kramer, lo�. cit.
discovered in the Mesopotamian region, perhaps at Sumer. That
new principle is "place value." Place value is simply that
concept that the value of a number is dependent upon its position
in a sequence of numbers. Place value is simplified by having a
symbol for zero, but a symbol is not absolutely essential since
the Sumerians managed for many centuries without one. IMormally,
in a pure place value system, each place represents a power of
the base multiplied by whatever digit is in that place. Every
digit up to the base is normally expressed by one symbol. For
exam.ple, in the base ten system the number 5E>k has three places.
2
The meaning of the number is 5 x 10 + 6 x 10 + 4 x 1. If there
were another digit to the left of the five it would be multiplied
by ten once more, making the place value lO"' = 1000. That this
system is dependent upon powers of the base (ten) becomes appar
ent because, algebraically, any number to the "first" or "one"
power is the number itself. Thus lO"*" = 10. Similarly, it is a
postulate of elementary number theory that 10^ = 1, or that any
number to the "zero" power is one. The original number of this
2 1
discussion in its fullest meaning is then 5 x 10 + 6 x 10
+ 4 X 10^, This system may be carried on consistently into the
decimal fractions by using negative powers of ten. Thus,
lO"-*^ = 1/10 and lO"^ = 1/100. Consequently, 0.25 means 2 x lO""'"
_2
+ 5 x 10 . While this system was not fully developed until the
seventeenth century of the Christian era, the potential of the
27
System for writing any decimal number has been noted, in order to
compare the accomplishment of the Sumerians.
The Problem of the Base
Since the Sumerian system begins to repeat symbols after
fifty-nine, sixty appears to be the base. If this were the case
the system would be expected to repeat itself again at 3600 with
a single vertical symbol. Instead of this repetition there is
in the "Old" system a repetition of the symbol for ten, and in
the "Late" system a representation of the circular symbol of the
"Old" system in the wedges of the new. Changes in the expected
must have taken place between sixty and 3600. Dantzig complicates
matters in these intermediate numbers by introducing a new symbol
for one hundred and using it with the symbol for ten to create
symbols for 1000 and 10,000. The symbol for 1000 consists of the
symbol for ten preceding the symbol for one hundred. Prior to
this the smaller number has always followed the larger, so the
sudden change must indicate something special. The change
indicates the introduction of a new principle, the multiplicative.
This is carried through in the symbols for 200 (II 7^) and 10,000
(.{^ 1^ meaning 10 x ID x 100). This latter symbol is still dif
ferent from what it might have been expected to mean, namely
20 X 100 = 2000. Beside the new symbol at one hundred there is
a new symbol for 600, In this case intersection or superim-
position of two symbols indicates . the multiplicative property.
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The netij symbol for one hundred that forms the foundation for
these other numerals is simply a cuneiform sign, pronounced me
5
for the common Semitic word for "hundred."
The Solution For This Problem
From this seeming maze the best explanation is that there
must have been two systems in use in Sumer; one which was a
simple base ten in the later cuneiform, and a second which is
usually described as a base sixty system. This explanation is
supported by Crowther's explanation that,
Two systems of numerals were used, in the fourth millennium
B. C, A decimal scale was used for measures of grain and
beer, and a sexagesimal scale for numbering loaves.
During the third millennium the sexagesimal ousted the
decimal scale, and place value, multiplication tables,
tables ofgreciprocals and square and cube roots were intro~
duced. ...
Saggs supports Crowther's statement by pointing out that.
The two systems were not mutually exclusive, and in ordinary
use both were employed together without causing any confu
sion, just as alongside the decimal system we use,^(for money
and linear measurement) a system based on twelve,
Delaporte agrees saying, "The two systems persisted side by side
till the age of the kings of Ur, then the curvilinear system
H, W. F, Saggs, Everyday Life in Babylonia and Assyria
(Wew York: G, P. Putnam's Sons, 19S5T7 p� 63.
^
James Gerald Crowther, The Social Relations of Science
(New York: The Macmillan Company, 1941), pp. 39-40,
7
Saggs, loc, cit.
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disappeared and only th& cuneiform system remained." Neces
sarily, it must be noted that the Sumerian system was not a true
base sixty system since more than one individual symbol was used
in a "place." A second anomaly from a true base sixty is the use
of the ten symbol for 360D instead of the one symbol, a problem
not discussed by scholarse A third departure from a true base
sixty is the simplifying symbols which are introduced in a
systematic pattern. The first of these is at ten, then comes
the base sixty. The second simplifying symbol is introduced at
10 X 60 = 600, followed by 6 x 600 = 3600. The pattern continues
through 36,000 which is equal to 10 x (6 x 10) x (6 x 10). No
symbols beyond 36,000 have been found to date, but the next would
be expected to occur at 216,000. Cajori confirms this saying
that no numbers as large as 1,000,000 have been found in Sumerian
(as of 1930). Conteneau is the only scholar who states that
this was not a pure base sixty system, but this author must
10
concur.
The Prim.ary Operations
From the symbols alone, evidence that the Sumerians were
Delaporte, 0�. cit. , p. 226.
g
Florian Cajori, A History of Elementary Mathematics
(New York: The Macmillan Company, 1930T, p. 6.
Georges Conteneau, Everyday Life in_ Babylonia and
Assyria, trans. K. R. and A. R. Maxwell-Hyslop (New York: St.
Martin's Press, 1954), p. 221.
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capable of addition and multiplication has been found. Evidence
for the other operations in Sumerian, as Hramer points out, comes
11
mainly through Babylonian tablets. In Babylonian material the
12
ideogram which is transliterated LAL is used for subtraction.
The cuneiform symbol was f**" and was used in the following
manner: { f^y = ID - 1 = 9, and {<(y"ny = 20 - 3 ,= 17. The
ideogram A�pU signifies multiplication or more literally "times."
The ideogram IGI-GAL signifies division, and was used in the
expression of fractions as will be seen later.^''
Jhe Secondary Operations
Until the Sumerian tablets are published for study by a
wider audience, dependence for conclusions about the secondary
operations must be upon the scholars in the field, most notably
upon Kramer. Most of the Sumerian mathematical texts were for
school use, either for instruction or for practice. The skill
of the writing is often the clue to which may be the case.
Hramer points out two different types of text: tables and
Ik
problems. He says,
The former Include tabulations of reciprocals, multipli-
�'��^
Kramer, ��, cit., p. 93.
12
Florian Cajori, A History �f Mathematical Notations
(Chicago: The Open Court Publishing Company, 1928), p. 229.
Ibid., p. 258.
Ik
Kramer, j�C.. jsaj..
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cations, squares and square roots, cubes and cube roots,
the sums of squares and cubes needed for the numerical
solution of certain types of equations, exponential
functions, coefficients giving numbers for computation like
the approximate value of V~2 and numerous metrological cal
culations giving areas of rectangles, circles, etc. The
problem texts deal with Pythagorean numbers, cubic roots,
equations, ., .Almost all problem texts are Akkadian although
they must go back in large part to Sumerian prototypes, . c
since nearly all the technical terms used are Sumerian,
Some of these terms surely need explanation, and the last state
ment demands attention. The first question is why the Sumerians
would want tables of reciprocals. Actual computation in a sexa
gesimal system without a symbol for zero would be extremely
cumbersome, or nearly impossible, . Like many of the ancient
number systems, the notation was essentially for the purpose of
recording the answer, and the actual computation was done on the
sand board or abacus. Division is possible on the abacus, but
is somewhat more difficult than multiplication, thus multipli
cation by the reciprocal was easier than division by the number,
so numerous tables of reciprocals have been found, some of them
16
having as many as seventeen sexagesimal places. Squares and
cubes are no particular problem since they are merely repeated
multiplications. Extracting roots, however, is' another matter.
There is no record of the actual performance of these operations
Ibid,
tJilliam Sedgewick and H. bJ. Tyler, A Short History of
Science (New York: The Macmillan Company, 1939), p. 24,
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on the abacus. The problem texts give little clue, for they are
only an outline of the numbers used and the answer obtained. In
all probability, the results were obtained by a series of suc
cessive approximations. For example, a possible estimate of the
square root of two is 1.5. Squaring this the result is 2.25
showing that the first approximation was a little large. Using
1,4 as a second approximation and squaring the result is 1.96,
Taking 1,41 as a third approximation and squaring, the result is
1,9881 which is closer to the desired result of two. This
process can be continued indefinitely to any desired degree of
precision or accuracy. There is nothing inherently difficult
in such a procedure except tedious computations, and thus it
could have been used by the ancients. There is no evidence that
the Babylonians or the Sumerians before them had formulas for
the general solution of any second or third degree equation that
would necessitate knowing the sums of squares or cubes.
Apparently the scholars of Sumer were guilty of that foil used
by teachers of all ages, namely, of posing only those equations
the answers to which they knew. In other words they probably
worked from the answers back to the equations, and then presented
the problem to the student in reverse order to be solved by use
of the appropriate tables. The tables were for solutions of
2 3
equations like x + x = c where "c" is evaluated for values of
"x" from one to sixty. These tables support the conclusion that
the Sumerians had no general solutions, for they leave out the
17
linear term, Pythagorean numbers are squares whose sums are
2 2 2
squares. For example, 3 +4 = 5 , thus the set of numbers
consisting of three, four and five is called a Pythagorean
triple, or Pythagorean numbers. Examples of others of the
infinite set of triples are 6, 8, ID and 5, 12, 13, The final
statement that Kramer makes is the most startling. If almost
all the texts are in Akkadian, how can we know thgt the materi
al is Sumerian, and thus deserves to enhance the reputation of
the Sumerians? Since some have been discovered on the site of
Sumer they deserve to be called Sumerian in that sense. Since
they are in Akkadian, they probably date from the second or
third millennia rather than the fourth or fifth; in other words
they are fairly late. Thus, at present it is not known whether
these are an Akkadian accomplishment carried to Sumer, or a
Sumerian accomplishment adopted by the Akkadians, What must be
said about the argument that the technical terms are in Sumerian?
Most probably this fact indicates that the Sumerians originated
and used them and that they were terms which had no counter
part in Akkadian and ware thus; nontranslatable, being adopted
as they were (as is sometimes done in going to French or Span
ish from English in the exact sciences). On the other hand it
Ibid.
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seems possible that the use of these terms could be an archaizing
tendency in order to give the authority of antiquity to recent
discoveries, in a society that respected age and antiquity.
However, this suggestion seems a little contrived, for it seems
unlikely that the Akkadians would invent Sumerian words for
operations that they discovered. Tom Jones is another modern
scholar who agrees with Hramer that the presence of technical
terms implies that the Sumerians actually discovered the
IS
operations that they represent.
Zero and the Fractions
In another passage Kramer says.
The zero was unknown to the Sumerians, and the absolute
value of the units was not indicated in the writing, so
that a number
'
written ]l^lii^^^iiim which we may tran-
2
scribe as 4,23,36, can be read either (4 x 60 ) + (23 x 60)
+ 36 = 15,816, or as (4 x 60"^) + (23 x 60^) + (36 x 60) =
946,960, etc.; or it can be read as (4 x 60) + 23 + 36/60 =
236 3/5, or as 4 + 23/60 + 36/3600 59/4150 [sic] . etc. 19
This quotation introduces the evidence that the Sumerians under
stood fractions. "Sexagesimal" fractions are inherent in the
system, as decimal fractions are in ours. The Sumerians also
had a limited number of special symbols for certain of the m.ost
commonly used fractions:
Tom B, Jones, AjTcierit Civilization (Chicago: The Rand
McNally and Company, 1960), p. 58.
19
Kramer, d�, cit,, p. 91,
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Old Late for
^ 1/3
^4� 1/2
^ 2/3 2�
Sedgewick and Tyler also suggest that in some meaaurements
special symbols were used for fractions. For example, in the
measurement .-of grain = 1/20 gur, X = 1/1� 9^^ ^ =
21
1/5 gur and in the measurement of land ^ = 1/10 iku. There
was yet another way of expressing fractions using the phrase
igi - "x" - gal. For example, igi - 4 - gal = 1/4 and
igi - 5 - gal = 1/5,^^
Irrational Numbers
Finally, while there are approximations of the square
roots of certain prime numbers such as two and three, there is
no evidence that the Sumerians were aware of the irrational
nature of these numbers,
III. CONCLUSIONS
This survey of the Sumerian number system impresses upon
one the rather large accomplishment of a people who ceased to
function independently over 4000 years ago. It has been noted
20 21
Ibid. , p. 92. Sedgewick and Tyler, o�. crt. , p. 16,
22
Hramer, loc. cit.
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that their numeral system was in a state of flux as evidenced by
the use of two different numeral scripts and two different bases.
It has been discovered that one of these scripts fell into disuse
while the other was retained, even by successive civilizations.
An awareness has developed that the two different bases were re
tained, used side by side and even intermixed upon occasion,
throughout the history of the Sumerian culture. They were then
passed on to the Babylonians intact.
The Sumerians appear to have been in at least rudimentary
control of the basic operations, and probably the secondary
operations by the end of their period of developement. While they
lacked zero, the negatives and an understanding of the irrational
numbers, they laid the foundation for a rational handling of the
fractions in a place value system. These accomplishments of the
Sumerians appear to have been the" first or at least one of the
earliest productive periods in the history of mathematics.
The Sumerians do not appear as accomplished in the arts
of abstract reasoning or abstract mathematics. Their system and
the use of it was essentially derived from empirical situations.
The numerals had their origin in measurements, and there is
nothing in the tables that have come to us that is not tied in
some way to practical problems of administration or commercial
exchange. That this remained true for the Babylonians will
become apparent in the next chapter^
CHAPTER IV
THE BABYLONIAN NUMBER SYSTEM
I. INTRODUCTION
During the third millennium B, C, at some time near 2500
B. C,-, a new and vigorous Semitic people under the leadership of
Sargon conquered much of the Mesopotamian region. These Akka
dians assimilated much of the culture of the Sumerians including
their religion and writing method, and then passed" some of these
cultural elements on to the Babv/lonian dynasty which gained ascen
dency about 2170 B. C, Included in this assimilation and trans
mission were the number systems of the Sumerians. This chapter is
devoted to the study of the Babylonian number systems and the
developments which took place in them,
A study of the Babylonian system is particularly relevant
to the primary objective of this paper, the study of the Hebrew
pumber system, because the Hebrews trace their origins to the city
of Ur. Abraham, while a Semite, was well acquainted with the
culture that had been adopted and transmitted in the Mesopota
mian region, as any inhabitant of Ur would be who had lived there
until adulthood, Abraham's descendants were in more or less
continuous contact with various Mesopotamian peoples throughout
their history, culminating in a period of "captivity" in the
Mesopotamian region. They are bound to have had commercial
contacts, which makes the study of the Babylonian system impor-
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tant to an understanding of the environment of the Hebrews.
Two changes from the outline stated in the introductory
chapter are necessary in this chapter because of certain charac
teristics of the Babylonian number system. In place of the
normal order which placed the discussion of the base first and
the discussion of the script second, it has been necessary to
outline the script first which then allows an inductive approach
to the problem of the base. The anticipated discussion of the
primary operations follows, but it has been necessary to discuss
division and the problem of fractions in the same section, as
these are inextricably bound together in the Babylonian system.
In the discussion of fractions, special emphasis is given to the
advantages that sexagesimal fractions exhibit over decimal frac
tions. Three additional sections are introduced in this chapter
in connection with division and the fractions which are devoted
to inverses, ratios and computations with fractions. Discussions
of the secondary operations, zero, the negative numbers and the
irrational numbers follow. Included in the discussion of the
latter is a brief discussion of the special irrational number
"pi."
Two periods of time encompass the origin of most of the
Babylonian clay cuneiform tablets which have been recovered. The
first of these which is called the "Old Babylonian" period
ranges from 2170 B. C. to about 1870 B, C,, and the second which
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is called the Ssleucid period ranges from 300 B. 0, to the first
century A, D. Eves suggests dates of 2100-1600 B. 0, for the
first period and 600 B, C� to 300 A, D, for the second period,
but this latter set of dates seems a little too broad,^ Scholars
do not understand why these periods contain more activity and
2
development, with an unproductive period between. However,
these two periods were times of relative stability politically
in the IMear East, allowing extensive cultural interchange with
out danger, which may be a partial explanation. The various
publications of Otto Neugebauer and the articles dependent upon
or critical of his works are the sources which most adequately
indicate from which period given material dates. These sources
allow a more accurate concept of the development of the Babylo
nian system to be developed.
The material of both primary and secondary character
derived from Neugebauer, combined with information derived from
the histories of mathematics, has provided the descriptive
material for this chapter. As was mentioned in the introductory
chapter, certain material published by H, F, Lutz has provided
the foundation for an inductive approach to the problem of the
Howard Eves, Ari Introduction to the History of Mathe
matics (New York: Rinehart and Company, 1953), p. 30.
2
Asger Aaboe, Episodes From the Ea_rl^ History of Mathe
matics (New York: Random House, 1964), p, 6.
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II, A DESCRIPTION OF THE BABYLONIAN SYSTEM
"The Script, the Problem of the Base and an Appropriate Solution
The Babylonians adopted the vertical wedge as the basic
unit of their system, as the Sumerians had before them. The
wedge represented "one" and was repeated up to nine times to
represent the first nine numbers. While the Sumerians arranged
the nine symbols in two rows, the Babylonians tended to group
the elements into "threes," and during the Seleucid period
3
developed a "cursive" symbol for three "ones." However, the
number nine was usually represented by three rows of three
vertical wedges. The symbol for "ten" was the same as the Sumeri
an, a wedge of different shape ( ), This symbol was used
repetitiously to five times to express numbers to fifty. Five of
this wedge and nine or the vertical wedge would thus represent
fifty-nine. Sixty is again a single vertical wedge, the same as .
one, indicating that the system is sexagesimal as was the Sumeri
an. Seventy, eighty and ninety are formed as we would expect,
but interestingly enough the Babylonians did not use the special
symbol for one hundred, which was used in the Sumerian decimal
system, in their mathematical and astronomical works. They had
a flexible attitude and apparently used both systems as the
Otto Neugebauer, The Exact Sciences in Antiquity (New
York: Harper and Brothers, A reprint of the second edition of
1957), p. 5,
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Sumerians did, but in their strictly scientific works seemed to
It
prefer the sexagesimal system.
In a prepresentative tablet published by H, F. Lutz, which
he says dates from about 2DD0 B, C,,, the symbol for 100 is 1^
or in the particular hand of the tablet These are
equivalent symbols, for in this particular tablet the symbol for
thirty is <( ^ ^ , but the symbol for forty is ^^^"^ � The change
is apparently made for ease of writing, since the horizontally
oriented symbol is more compact vertically than two or three
rows of the normal symbol for ten. The lack of extensive use of
the symbol for 100 indicates that the tendency was toward a
more perfect sexagesimal system, having fewer overtones of the
base ten. Ue would expect llf {{ = 3 x 60 + 20 for 200 in this
tablet rather than the ^1 '=f~ = 2 x 100 of the Sumerians, which is
exactly what is found.
^
If the Babylonians were attempting to
perfect the sexagesimal system, one would expect no new symbols
2
until the base squared or 60 = 3600, If they were following
the Sumerians we would expect a new symbol at 600. The Sumerians,
it is recalled, used the symbol for one juxtaposed or superim-
^
Ibid,, p. 27.
5
See Column 9, Line 4 of the tablet in Arabic numerals on
p, 252 and in cuneiform on pe 256 of the article by H, F, Lutz,
"A Mathematical Cuneiform Tablet," The Americ^an 0�urnal of Sejnit-
ic Lanquaqes and Literatures. 36 (July, 1920)', pp. 249-257,
^Ibid, See Column 9, Line 8,
posed on the symbol for ten ( ^ ) to indicate 10 x 60, multipli
cation being introduced for the first time. Interestingly enough,
the symbol in the Babylonian tablet is simply that for ten, indi-
7
eating 10 x 60 = 600. The Babylonians show an improved grasp
of the place value concept because the multiplication by sixty
is understood and not represented, if the "ten" symbol is under
stood to be in the "second place." This is the common means of
expressing six hundred in the Babylonian tablets and confirms the
tendency toward a purer base sixty system. The following table
indicates the meaning of the symbol "ten" in various places.
Symbol Place Value
x 60-' X 60^ X eo-"- X 60�=1
i . =10
{ = 600
'{ = 36,000
{ = 2,160,000
Use of the symbol for ten to represent six hundred also
indicates that at this early date Cc. 2000 B. C) the Babylonians
had no symbol for zero as either a number or a placeholder.
While the Babylonians were making a significant theoretical
advance toward a pure sexagesimal system, they were moving
retrogressively in that a symbol could have more than one
meaning depending upon its place. The use of the same symbol
Ibid. See Column 6, Line 15 on pages 252 and 255.
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for different numbers with no zero to indicate place meant that
the Babylonian system contained ambiguities that the Sumerian
system did not have. The context of the number became important.
Continuing with the study of Lutz' tablet, it is impassible
to check the thesis that no new symbols are introdi^ced until 3600,
where the symbol for one would be used again. The tablet only
contains numbers as large as 2500, but other tablets verify the
expected. A possible conclusion is that the Babylonian system
is a base sixty system with a simplifying symbol introduced at
ten, as opposed to the alternating factors of ten and six in the
Sumerian system. One bit of information mentioned by some
earlier scholars does not fit the outline presented here. Smith
q in
and Ginsburg, and Hogben point out that in a few tablets a
totally new symbol (-^ ) is used for six hundred in the Baby
lonian system, unlike the Sumerian symbol for six hundred, but
resembling a backward one hundred symbol.
The Primary Operations
Addition and multiplication. From the preceding survey of
the numbers written logographically it has been noted that the
�
Ibid. See Column 2, Line 23 on pages 251 and 254.
^
David Eugene Smith and Jekuthiel Ginsburg, Numbers and
Numerals (New York: Columbia University, 1937), p. 9.
Lancelot Hogben, Mathematics in_ tlhie Makina (New York:
Crescent Books, 1960), p. 29.
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Babylonians understood addition, and implicitly used multiplica
tion. They seem to have had no special term for addition. They
most probably used the word "and" for addition in the same sense
that we do when we say "Two and two are four," and mean "Two
plus two are four." The Babylonians had two terms to express
multiplication. These are A-DU and ARA for "times" as in
ARA - 1 18 for 1 x 18 = 18, ARA - 2 36 for 2 x 18 = 36, and
so forth.
Subtraction. In turning to the other two primary opera
tions subtraction will first be considered, Delaporte claims
that subtraction was so popular with the Sumerians that they
"preferred" to write nine as ten minus one, using the ideogram
12
which we transliterate LAL, The Babylonians continued this
procedure in the Did Babylonian period for any numeral for which
it reduced the number of symbols required. Generally, the number
of symbols required is reduced by the subtraction of any number
up to three. Thus, six is most economically written | J f ss
opposed to <|^ , the latter requiring seven strokes. On
the other hand, seven is more economically written as <^ ITY
which requires only six strokes. The Sumerian word LAL was
Florian Cajori, A History of Mathematical Notations
(Chicago: The Open Court Publishing Compan"y",~ 192817 P. H.
12 ^ r
Louis Joseph Delaporte, Mesopotamia (New York: Alfred
A. Knopf, 1925), p, 227.
45
was retained for Babylonian subtraction, but it is doubtful that
this symbol was meant in the same sense as the modern meaning of
the algebraic operation of subtraction, When some of the Babylo
nian problems are interpreted in modern symbolism resort is made
to the use of the minus sign for the operation subtraction, but
in many of the cuneiform constructions of problems there is no
13
use of LAL. to indicate the proper procedure in the problem.
The ancient scholar may have understood that he was to subtract
in given situations, without it being recorded in the text. This
is possible because most of the problems coming to attention con
tain the essential information of the problem and the result, not
indicating the procedure used to arrive at the answer. Again the
Babylonians, like so many of their contempoties, used the abacus
in their computations and so did not need to record the process.
In a reversal of what we would expect, the symbol LAL fell into
disuse and does not occur in the Seleucid period, the requisite
number of strokes to write seven, eight or nine coming back into
use."*"^
Division and the problem of whether certain tables imply
the use of fractions. Like subtraction, division was very common
ly used by the Babylonians, but not always with a completely
^^Eves, op. cit., p. 35.
14
Weugebauer, o�, cit. , p. 5.
formal understanding of it as an operation. The expression of a
fraction implicitly involves division. The tablet published by
Lutz discussed previously demonstrates this, A portion of Column
1 of the tablet appears as follows:
igi 2
igi 3
igi h
igi 5
igi 6
igi 8
igi 9
The table represents the division of a constant number by the
numbers in the first column to obtain the numbers in the second
column. Determination of the number being divided is one of the
problems in interpreting this text. It could be one or sixty or
any other power of sixty. The meaning may be 60 + 2 = 30,
60 3 = 20, and so forth or the meaning may be 1 + 2 = 30/60,
1 + 3 = 20/60, and so forth. For the ancient Babylonian this
was really a pleasant "problem" for the implication is that the
table can be used in numerous sexagesimal situations. However,
it is recalled that "igi" was part of the Sumerian phrase used
to indicate fractions under some conditions. Since the word is
associated with fractions it seems most natural to interpret this
column as 1 2 = 30/60 and so forth. The purpose of the table
could be the sexagesimalization (as one decimalizes in base ten)
3D
20
15
12
ID
7
6
1/2
2/3
15
15
Lutz, 0�. cit. , p. 251.
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16 17
of certain common fractions.- This is a reasonable interpre
tation, for the Babylonians expressed all fractions with a denomi^
nator of sixty or one of its powers. This was done apparently
to avoid having to handle change in both the numerator and the
denominator of the fraction at the same time. It shall be
seen that the Egyptians also sought to avoid change in both,
but chose to keep the numerator constantly one, G, A, Miller
proposes a second reason for sexagesimalization.
While it is easier to add integers than to multiply
them, the reverse is true as regards common fractions,
since these have to be reduced essentially to a common
denominator before they can be added. Sexagesimal frac
tions seem to owe their early development to a desire to
avoid the complex operation involved in the addition of
common fractions. 15
Regrettably the Babylonians did not invent a Sexagesimal
point like our decimal point in order that it might be known
exactly what they intended. That these tables mean the
sexagesimalization of common fractions is easily verified by,
for example, the sixth line of the above table which is "igi
A common fraction is the ratio of an integer to a
natural number or the division of an integer by a natural.
17
Note in passing that Lutz interpreted this column as
60 * 1/2 = 30, This would have to be 60 x 1/2 = 30 or 60 + 2 =
30 because 60 * 1/2 = 120,
lil. W,. Rouse Ball, A Short Account of_ the History of
Mathematics (New York: Dover""Publications, 1960, Reprint of the
fourth edition of 1908), p. 4,
19
G, A. Miller, "Sexagesimal Fractions," School and
Society. XXXIII (January 10, 1931), pp. 56-59,
48
6 7 1/2," In the Babylonian this is really "igi 8 7, 3D"
which could mean that 1/8 = 7/6D + 3D/360D. If we convert this
expression to a common denominator it becomes 42D/36DD + 3D/360D =
45D/36D0 = 45/36D = 5/4D = 1/8.
Fractions and a Certain Advantage of the Sexagesimal System
The brief part of the tablet that has been reproduced can
also introduce another characteristic of the sexagesimal fraction
al system. Whereas the base ten only has divisors of two and
five, sixty has the divisors two, three, four, five, six, ten,
twelve, fifteen, twenty and thirty, that is, five times as many
divisors. The system is more cumbersome in some ways, but in
some ways simpler than the base ten system. For example, there
are many non-terminating (or infinite) decimals with ten as a
base, such as 1/3 = 0.3,^� 1/6 0,16, 1/7 = 0,142857, 1/9 =
O.T, and an infinite number of others. The sexagesimal system
alleviates the difficulty of handling many of the non-terminating
decimals, because they terminate in the sexagesimal system, Dne-
21
third has only one sexagesimal place (;20), as does one-sixth
(�,10), while one-ninth terminates after only two sexagesimal
A bar over the last digit or over a sequence of digits
indicates that the digit or sequence- of digits repeats indefinite
ly.
Cuneiform scholars have agreed to use the semi-colon to
represent the sexagesimal point, and to use the comma to separate
sexagesimal places.
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places (; 6, 40), Not all fractions are simplified. The
scribe uho constructed the table left our one-seventh for good
reason. One-seventh is a repeating decimal in the sexagesimal
system as it is in the decimal system, repeating after three
sexagesimal places. The repeating digits are ; 6, 34, 17, In
some of the tablets the scribes made the statement that "seven
22
does not divide" meaning that it does not terminate. The
table continues up to eighty-one with difficult divisors like
13, 17 and 19 omitted. The pattern of omission involves those
numbers which are primes or have prime factors that are not
23
prime factors of sixty, the base of the system. The most
complicated entry in this first column is that associated with
eighty-one. In cuneiform it appears as ^m''^ y^"^
44 1/3 + 1/9
which Lutz transcribes as �~�"�D
'
* ^ statement that is true
but not immediately clear. This author interprets the entry to
. . . , 0 44 26 40
mean that 1/81 = Fn +60 60 X 60 60 x: 60 x 60 60 x 60 x 60 x 60'
This is what the cuneiform means, and of course reduces to Lutz'
expression save for the difference of sixty in the denominator.
Thus 1/81 is a four place terminating sexagesimal. In base ten
it would of course be non-terminating because it has a factor
of three, While the above expression says exactly what the
cuneiform does, it is not exactly the most simple way to express
22 23
Neugebauer, d�, cit, , p, 33. Ibid.
? ��� gg�
60
This still complicated expression simplifies to 26000/12960000
which equals 1/81. Transcribed into modern form this number
would be ; 0,44,26,40 which is plainly the most simple way to
represent sexagesimal fractions. The most complicated fraction
24
in Lutz' tablet is found in Column Five and consists of the
answer to (1/61)^. The answer is given as P^^n itj iW
This corresponds to 1/6561 =
18 +
55 +
32 ,_
60
0 + �
n 600 + -=���'�-
60
60
or more simply ; 0, 0,32,55,18,31, 6,40, an eight place termina
ting sexagesimal. In the decimal system it would be a non-ter
minating repeating decimal which repeats after fewer than 6561
digits, in this case after 729 digits. This is a more simple
explanation of the fractions than that given by Lutz on page
250 including his interpretation of the expression given in
Column Five. Lutz interprets this as being (44 4/9) =
1975;16,31, 6,40, which appears a bit more complicated but is
only a difference in decimal point from the writer's interpre-
Lutz, D�. cit. , pp. 252, 255.
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tation. This shows the usefulness of such a table, for it can
either be multiplication of whole numbers or fractions, a further
evidence of the Babylonian's comprehension of the concept of
place. Others have interpreted these tables as representing
fractions, as has been done here. For example, the most
outstanding mathematical cuneiform scholar. Otto [\leugebauer, has
"... expressed the conclusion that the object of the
so-called multiplication tables of the ancient Babylonians
was to convert common fractions into sexagesimal fractions,
whenever this can be done exactly, by the use of a finite
number of terms of the latter. 25
By any interpretation it can be seen that the Babylonians
achieved a significant proficiency in handling fractions by
2000 B. C.
Division and the Concept of Inverse
As was the case with the tablet published by Lutz, many
tablets are described by various scholars in different manners.
This necessitates the realization that though they use different
words to describe a given table they are speaking of the same
one or the same kind. Some scholars label a table such as the
one discussed above, as multiplication of successive integral
numbers by some constant. Others describe the tables as the
writer has, namely as a constant divided by successive integral
numbers. Still others call them tables of reciprocals. Thus
Miller, 0�. cit. , p. 58.
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they are interpreting the entry "2 30" to mean ;30 is the
sexagesimal reciprocal of two. Still others call these tables
of inverse. Mathematically speaking an inverse is that number
which produces the identity element for the given operation when
it is used to operate on a given number. The identity element
for addition is zero, that is, "x" + 0 = "x." The identity
element for multiplication is one, that is, "x" + 1 = "x."
Thus the identity element is that element which leaves a given
element unchanged when it is used to operate on the given element.
The additive inverse for a number "x" is "-x," that is, x +
(-x) = 0, the latter being the additive identity. The multipli
cative inverse which is informally called the reciprocal is
1/x, that is, x times 1/x = 1, which is the multiplicative
identity. Since the operation in these tables is multiplica
tion such scholars are merely saying the same thing as those
who label them as tables of reciprocals, when they are tables
of multiplicative inverses. While some may say that these
26
tables of reciprocals reduced division to multiplication, one
must remember that division was necessary in the first place
to construct them.
Division and the Concept of Rat io
Another mathematical conception, that is related to
Eves, ��. cit. , p. 31
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division and in some remote sense illuminates the understanding-
that the Babylonians had, is ratio. E.'T, Bell claims that the
earliest trace of what could be called analytical mathematical
thinking is found in the knouiledge that the Babylonians had that
the sides adjacent to corresponding angles of similar triangles
27
are proportional. This knowledge carries an implication that
they understood equal ratios, A ratio is a relation between
integral numbers, while a proportion differs in that it is the
equation of two or more ratios. Bell continues saying,
It has been said to follow that the Babylonians had some
conception of ration. [But],.. we have no right to assert
that the Babylonians had actually even the remotest
conception of ratio. For 'equal ratios' [proportions]
and 'ratio' are distinct concepts in mathematics, and an
extensive theory of 'equal ratios' is easily possible
without any definition of 'ratio'. 'Ratio is on a higher
level of abstraction than 'equal ratios'.... So far as
documentary evidence goes there is none, apparently, to
show that the Babylonians ever got within hailing distance
of Euclid, who, if he did not succeed in giving an unmysti-
cal definition of ratio, at least acted as if he were aware
that 'ratio' and 'proportion' are different concepts,....
With their numBric_al examples of four numbers in propor
tion, the Babylonians took the first step toward the
'
Greek theory of proportion which has lasted... to this
day ,28
Whether the Babylonians achieved the abstract concept of a
ratio is probably doubtful, but they certainly had all the
practical tools necessary to reach such an idea.
27
Eric Temple Bell, The Development of Mathematics (New
York: McGraw Hill Book Company, 1945), p. 41.
Ibid., pp. 40-41,
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In connection with this struggle to discover traces of
abstract thinking prior to the time of the Greeks,, G. A, Miller
has an interesting suggestion. He claims to have found the
following fact about the evolution of fractions which applies to
the Babylonian and to certain others,
A very interesting fact in the history of common fractions
is that while the ancient Egyptians and the ancient
Babylonians commonly represented the natural numbers
from 1 to 9 by a number of strokes equal to the number
of units represented, they employed special symbols for
some of the small common fractions,... It is obviously
impossible to determine how far the concept of natural
numbers was developed before such fractions as 1/2 and 1/3
received attention since we are dealing here with prehis
toric intellectual developments, but it is interesting to
note that the latter seems to have been denoted by indepen
dent symbols before such symbols were used for 2 and 3.- Thes
facts tend to dignify the concept of common fractions as
an intellectual concept and to suggest that the concept of
unit fractions may be coeval with that of the natural
number, ^5
This is truly an interesting claim, but more definite proof is
needed that the Babylonians had special symbols for small frac
tions. Miller unfortunately mentions no source or support for
his statement, and the writer has been unable to trace any
confirmatory evidence. There is, of course, no inherent reason
why the fractions could not be as old as the counting numbers.
Computations with Rational Numbers
One final issue must be considered in connection with the
�G, A, Miller, "On the History of Common Fractions,"
School Science and Mathematics. XXXL (February, 1931), 140,
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discussion of division and the rational numbers. This issue is
the contention of Hildegard Leuy that in the early period (2300-
1600 B. C.) the Babylonians could not compute with rational
numbers, and that they probably did not have the proper rules
to do so. Previous discussion has shown that the Babylonians
could compute with whole numbers and fractions, but the question
here is whether they could multiply and divide if both factors
were rational. Lewy states her case as follows:
The wording of our text [HX 21] leaves it open whether
the figure in question was a right or an oblique-angled
parallelogram. The given numbers appear, at first sight,
to favor the latter alternative.. The cubit being the
twelfth part of the GAR, the sides of the parallelogram
are 1 10/12 GAR and U 11/12 GAR respectively: their product
is equal to 22/12 x 59/12 = 1298/144 square GAR, or
9 2/144 musaru. As the area is said in 1.3 of our text
to measure 6 3/4 musaru, it seems, in fact, as if the
figure envisaged was smaller than the rectangle formed by
the given pairs of opposite sides.. Yet, a tablet from the
Hurrian city of iMuzi makes it clear that the number of
8 3/4 musaru computed on our Old Akkadian text was meant to
represent the area of a rectangle, and that the difference
betojeen our ancient author's result and our own is due
to a methodological error on his part. In the text HV 81,
we read [that] ... the measure of this land are 1 hundred
and 20 double steps, the length, and 60 its width. Mow we
know from other passages in the Middle Babylonian Nuzi
texts that a rectangular field of 1 imer of area measured
100 by 60, and not 120 by 60, double steps. Hence it is
manifest that the writer of the tablet HU 81 naively assumed
the area of his field to remain unchanged if he added 20
double steps to its length while subtracting the same
amount from its width. In other words, he believed that
(a + x) (b - x) = ab. This erroneous formula explains the
result reached by the compiler of the Old Akkadian text
HX 21 here under discussion. If he added 1/12 GAR to the
length of his quadrangle while subtracting 1/12 GAR from
its width, he obtained 4 1/12 x 1 9/12 or 5 x 1 3/4 = 8 3/4,
In this case, the faulty method was obviously applied by the
ancient mathematician because he was unable to multiply
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Ulith each other the two improper fractions 1 10/12 and
k 11/12, The multiplication could be carried out only
if one of the tuo factors was made an integer by the
addition of a certain number x which, in turn, was
subtracted from the other factor.
That this erroneous formula was not peculiar to the
Old Akkadian and Middle Babylonian scribes from Gasur-
Nuzi but was common in the Old Akkadian period, follows
from the tablet AOTb, 352, and Old Akkadian text excava
ted by de Sarzec at Tello. The tablet shows a diagram
representing a rectangular plot, the eastern and western
sides of which are said to measure 11 1/2 GAR, whereas
the northern and southern sides are given as 11 GAR, 3
ammatum. One would, therefore, expect the area of the
plot to be 11 1/2 X 11 1/U = 129 3/8 square GAR, or
musaru. Instead, the scribe entered in his diagram the
area as 1 iku, 30 minus 2 musaru, i, e. 128 musaru. He,
too, was obviously unable to multiply the two improper
fractions 11 1/2 and 11 1/4, Instead he subtracted 1 1/4
GAR from the latter factor and added that same amount to
the former. He thus obtained 10 times 12 3/4, or 127
1/2, a number which he rounded off to 126.
The evidence that in the Old Akkadian period a correct
method of multiplying two fractional numbers was known
neither in the north, around Gasur-Nuzi, nor in the south,
around Tello, is not without significance: The Akkadian's
predecessors, whom modern savants so frequently credit
with the development of arithmetic, had not yet found
a workable' method of reckoning with fractions; for when
taking over the script, the phraseology, and the legal
and other idioms from that older population, the Semites
would certainly have also adopted the art of reckoning
with fractions if it had already existed. Accordingly, we
note in the development of Babylonian science the same
phenomenon which characterizes Babylonian art. Much as,
under the impulse of successive waves of Semitic immigrants,
the clumsy, stereotyped pre-Akkadian art reached, within
a few generations, the apogee, which produced monuments
such as Naram^Sin ' s victory stele or the relief surmounting
Hammu-rapi's Code of Laws, the Semites developed the primi
tive and defective mathematical method of their predeces
sors to that perfection which we admire in the mathematical
texts of the Old Babylonian period, ^0
In all probability Dr, Lewy is correct in her analysis of
Hildegard Lewy, "Studies in Assyro-Babylonian Mathe
matics and Metrology," Drientalla. XX (Fasc. 1, 1951), 10-12.
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the situation. The writer hesitates to diagree with one so much
more familiar with the extant Babylonian material than he, but
there does seem to be a minor flaw in her presentation and there
may be another possible explanation for these circumstances
outlined in her discussion. In her consideration of the figure
described in text HX 21 she uses three words to describe it:.
Parallelogram, rectangle and quadrangle. These three figures
are not synonymous. The quadrangle is a four-sided, four-angled
figure in which none of the sides or angles need be equal. The
implication of the text is that opposite sides are equal since
the dimensions of only two are given, thus this label for the
figurB;Seems inappropriate, A parallelogram is a four-sided
figure, the opposite sides and the opposite angles of which are
equal. Mutably, all four angles need not be equal, only opposite
pairs. A rectangle is a four-sided figure in which opposite sides
are equal and all the angles are right angles. From the formula
used to compute the area. Dr. Lewy must have assumed the figure
to be a rectangle. At the beginning- she seemed to be willing
to consider the other possibility that it was a parallelogram,
but she never did, and only marshalled that evidence that seemed
to support that it was a rectangle. It is true that all rectan
gles are parallelograms and quadrangles, which is probably the
reason she used these latter two names, but it is not true that
all quadrangles and parallelograms are rectangles. The implica-
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tions were much fewer when she used quadrangle and parallelogram
although she surely was discussing the same figure through the
entire passage.
Considering her main contention, it certainly is possible
that the Babylonians could compute with whole numbers and frac
tions and not be able to compute with both factors fractional.
On the other hand, the method proposed by which the Babylonians
changed one of the factors into a whole number assumes a level
�^ universal naivete that is difficult to accept. It seems
highly improbable that some Babylonian at some time would never
have had occasion to follow a similar procedure with whole numbers
and check his result. If any one Babylonian had ever done this
he would have discovered the unequal results. In the light of
their relatively advanced accomplishments in other areas of
algebra this seems highly improbable. Any casual investiga
tion of a multiplication table could have pointed out the fal
lacy of such a= procedure. The more likely explanation is that
Dr. Lewy has discovered two less than expert solutions by
relatively unlearned scribes. The error they made is still
commonly made by beginners in algebra. Furthermore, the fact
that the same mistake should appear twice at widely separated
points does not need to surprise one either. Beginning algebra
students are not notably original in the type errors that they
make but tend rather to make a certain small number of errors
59
in a wide variety of different situations,
A second possible explanation is, of course, that a
parallelogram and not a rectangle was intended. The measure
ments given in HX 21 could have been taken from a practical
situation where a field was slightly off from rectangular. The
scribe may have given the actual sides and lengths of the field
but actually used the altitude of the parallelogram in computing
the area. Such a technique would necessitate their being able
to construct a perpendicular from a point to a line, a not
unreasonable demand, but one that is not verified. While this
suggestion is a remote possibility, it seems much less likely
than the previous suggestion.
The Secondary Operations
Beside the ideograms that have been previously discussed
in connection with the primary operations, the Babylonians had
certain others that give a clue to the fact that they were
familiar with the secondary operations. The ideogram ARA was
used for squaring, for example 3 ARA 3 9 meant 3 x 3=9.
They also used the ideogram BA-DI-E for cubing, as in 27-E 3
3
BA-DI-E for 3 = 27. Furthermore, they occasionally used IB-DI
2 31
for squaring, as in 9-E 3 IB-DI for 3 =9. While they seem
to have had no special symbol for extracting the root or evolu-
Cajori, cit. , p^- 11
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tion, they could do this perhaps by means of successive approxi
mations. This procedure is discussed more fully in the section
devoted to the irrational numbers.
Other Evidences of an Expanding Numerical Understanding
Zero, At some point in their development the Babylonians
began to refine their place value system. They accomplished this
by reducing the ambiguities, leaving a blank space to indicate
absence of some power of sixty. This was a step toward recog
nizing the need of a symbol for zero. It still did not help at
the beginning of a sexagesimal fraction or at the end of a
large number, but it was an internal improvement. During the
Seleucid period between 300 B, C, and 100 A, D, the mathematicians
developed a symbol for zero something like one of the following:
^ 32 . 33�< or ^� , This was a distinct improvement over the space,
but it was not used consistently until quite late and it did not
remove all the ambiguities because, like the space before it, the
34
Babylonians did not use it except internally, While the zero
symbol was not used terminally, this procedure was not as grave
as if one would do this with base ten. There were fewer occasions
32
Florian Cajori, A History of Mathematics (New York:
The Macmillan Company, 1926), p, 5,
Raymond Clare Archibald, "Babylonian Mathematics,"
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when the last position was empty in the base sixty system,
Chiera says that the symbol described above was used, according
to our knowledge, by ",,.the famous f\labu-rimanni - Naburianus to
the Greeks - [who] actually employed what was formerly a 'ditto'
sign as a true zero in his astronomical tables for the calcula-
�7/-
tion of the new moon and eclipses," J. H, Banks claims that
37the Babylonians used a circle for zero, � but this is probably
a misunderstanding of the fact that when the Greeks copied the
Babylonian astronomical tables they placed an omicron where there
was supposed to be a zero. The Greeks retained the sexagesimal
fractions in their astronomical work, but the circular symbol
was theirs and not the Babylonian's,
(Meqative numbers. The Babylonian's familiarity with the
counting numbers or the natural numbers, and their discovery of
an internal symbol for zero in later times have been discussed.
Now the study moves to a discussion of their comprehension of
negative numbers, which would allow one to say that they had a
fair comprehension of ^what now is called the integers.
�
There are only a few traces of negative numbers among the
35
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tablets that have been discovered. An anonymous editor in a
popularly written article discussing Neugebauer's publications
claims that there were traces of negatives as early as 20D0 B,
33
C- G, A, Miller supports this claim with the statement that
",..the ancient Babylonians already used the terms 'tab* and
'lal' with respect to numbers as wa now use + and - to represent
39
distances in opposite directions from a fixed line," This is
obviously a step in the direction of a modern approach to nega
tive numbers, but is not so refined as our modern concepts,
Positiveness or negativeness is tied to a very concrete and
physical situation in the Babylonian context, much as we now
talk of "above" and "below" with respect to zero in temperature,
"Plus" and "minus" indicate direction in these cases rather than
being something that is abstractly intrinsic to the number. The
Babylonian usage is thus roughly equivalent to our modern tech
niques of using vectors, those entities that have both magnitude
and direction. The modern abstraction of the integers, positive
and negative, with each being the additive inverse of the other,
evolved along similar paths through the work of Rene Descartes
and others in analytic geometry. Without their refinements in
handling vectors and equations of vectors it was impossible for
Anonymous, "Babylonian Math Sharks 2000 B, C,"
Scientific American-, CLV/II (IMovember, 1937), 311.
39
G, A. Miller, "Implications Involved in Mathematical
Advances," Science, XCUIII (July 9, 1943), 39.
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mathematicians to develop a consistent theory for handling nega
tive quantities. The Babylonian usage is thus perhaps half way
to the modern concept of negative numbers.
There is tentative evidence that the Babylonians may have
even conceived the negatives as numbers in their oun right, Eric
Temple Bell feels that there are at least three instances where
in the late Babylonian period negative numbers appear "on a
parity" with positive numbers in the solution of two simul-
... 40
taneous equations m two unknowns.
Otto Neugebauer thinks that the numbers which are used
with tab and lal_ represent points on a wave shaped curve,
which, if true, would be a remarkable anticipation of analytic
geometry. He also ascribes these numbers to a "late astronom
ical text,"**"^ Whatever the final conclusion may be about what
the Babylonians intended, one must conclude that they produced
the first recorded instances of negative numbers.
Irrational numbers. ' This part of the study may conven
iently begin with the irrational numbers by returning to the
tables that were reviewed in connection with the rational
numbers. In addition to the tables of reciprocals that gave
reciprocals of only those numbers that had terminating sexages-
^�
Bell, o�, cit,, p. 34, See also the following reference.
Archibald, 0�, cit,, p. 214,
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imals, 0ystein Ore claims that some of the Babylonian tables
42 ,
gave the reciprocals of all numbers without exception. In
order to accomplish this, the Babylonians computed the repeating
non-terminating and the non-repeating non-terminating sexages
imals to a number of places and then just stopped. There is no
proof that they were cognizant of even the repeating nature of
all the rational numbers when they are sexagesimalized. An
example of a tablet that gives a complete sexagesimalization of
43
all the numbers in a given interval is YBC 10, 529. Since
the Babylonians showed so little facility for working with
infinite repeating sexagesimals it seems unlikely that they
ever considered the possibility of a sexagesimal that never
repeated and never ended. Such a sexagesimal would be labeled
an irrational number. The set of irrational numbers in base
sixty is the same _as the set of irrational numbers in any other
base including ten, for if a number cannot be expressed as the
ratio of two integers in one base, since the set of integers
does not change, it cannot be expressed as the ratio of integers
in another base. The theoretical interests of the Babylonians
did not extend into this area, and we must approach their
understanding of the irrationals from a different direction. In
fact, even a casual survey of some of the problem texts will
42
43
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introduce the fact that the Babylonians constructed problems
that avoided these embarrassing non-terminating sexagesimals
uiherevsr possible.
In attempting to discuss the concept that the Babylonians
held about irrational numbers, one finds that most information
comes from the study of their handling of equations. Any number
of tablets have problems, usually stated verbally in a form that
is popularly known as "word problems" or "sentence problems."
Some of these would naturally lead to various types of equations,
if the Babylonians had had a simple notation like modern systems.
They solved the equations in something similar to the present
manner, except for notation. Texts from the earliest times
45include simple quadratic equations in one unknown. From
46
attempts to find the volume of frustrums of pyramids , the
Babylonians described the equivalent of a cubic equation.
44
Bell, o�. cit. , p. 31.
45
A quadratic equation is a "second degree" equation or
one which involves the square of the unknown. The most general
form is ax2 + bx + c = D.
46
A frostrum of a regular pyramid is a pyramid from which
the top is removed creating a six-faced volume, four faces of
which (assuming a four-faced pyramid) are equal trapezoids (A
four-sided figure, of which two of the sides are equal but not
parallel with the other two opposite sides parallel but not
equal). The other two faces are called bases and are square,
but not equal in area.
^"^
Eves, 0�. cit. , p. 31.
These -types of equations were not extremely common. They
actually could solve only specialized cases and not any general
equation. They could only solve the equations that they first
constructed with familiar elements. With the quadratic formula
one can solve any second degree equation with real or complex
48
roots. Elementary algebra recognizes many more simple tech
niques which are; riot universal solutions for all quadratics as
the quadratic formula is. The Babylonians seem to have dis
covered a technique similar to one of these simple techniques
which is called completing the square. The Babylonians were
unable to deal with the general quadratic and restricted their
work with them in many ways. The first of these restrictions
was the fact that they never considered." a quadratic with a
coefficient on the square term. In other words, the coefficient
"a" in the general formula was always "one" for the Babylonians,
They also placed the constant on the other side of the equality
2 49
symbol. Their quadratic thus appeared in the form x + bx = c.
To solve this quadratic for the unknown they used the equivalent
/ 2 50
of the equation x = vcH-b/2-� b/2. The manner in which
48
The quadratic equation for the _solution of the general
�2 � n<^v. -b V"b^ - 4acequation ax + bx + c = 0 is x = � ,
49
Marshall Clagett, Greek Science- in Antiquity (New York:
Abelard-Schuman , 1955), p�. 16,
^�
Ibid..
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they discovyered or derived this equation is not known. Perhaps
Marshall Clagett has made an error in the above equation, because,
by using the "^completing the square" method, one derives the
following equation which the Babylonians should have used.
X + bx = c
x^ + bx + (b/2)^ = c + (b/2)^
(x + b/2)^ = c + b^/4
X + b/2 = Vc +
X =Vc + b^/4 - b/2
This latter formula is equivalent to the quadratic formula if
a* = 1 in the form,. UJhile one need not go into an extensive
discussion of Babylonian algebra, one can see from this preced
ing equation that they needed to be able to take square roots.
It is not known how they did this. They had values in their
tables for some numbers, of course. Any table of squares could
be used in reverse. These tables extended their usefulness
beyond one value because they were useful for different sexages
imal places. For example, an entry in a table like "6 36"
2
could be used to find the square root of 36 or of 36 x 60 ,
which would be 6 x 60, or the square root of 1/36 which is
2
1/6 or the square root of 1/36 x 60 which would be 1/6 x 50.
Their techniques for handling the cubic equation are even
more restricted than for the quadratic. The most general form
3 2
of the cubic would be ax + bx + cx + d = 0, They first of all
considered only those cases where 3=1, in a manner similar to
68
that in which they handled the quadratic. In all the extant
tablets containing the equivalents of cubics they worked only
51
with those that had no linear term, in other words where
3 2
0=0. This left them with an equation in the form x_ + bx =
B where in our terminology e = �d,. They next ridded themselves
of the coefficient on the x term by the equivalent of the follow-
3
mg device. If one divides the equation by b one arrives at
3 3 2 2 3
X /b + X /b = e/b which one can say is soma new constant "f,"
3 2
This can be rewritten as (x/b) + (x/b) = f. This latter is
obviously an equation involving squares and cubes with unit
coefficients. By means of two minor substitutions one can
3 2
simplify this to y + y = f.. Tables of numbers of this type
were compiled. Many scholars think that the tables were construct
ed first and that the equations were found by a reversal of the
52
foregoing procedure. One can speculate that the equations
and tables were carefully preserved by the ancient "professors"
who" produced the equations in the classroom, solved them with the
tables and astounded the students. Idhen the students later tried
the same procedure with just any equation instead of the prescribed
set, he of course could not find any values in the table to
provide him a solution, after which he was doubly astounded at
the brilliance of his teacher. While this table gives us numbers
which are cubed, it does not help us in any way with the problem
Bell, OQ. cit.. p. 36. Ibid,
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of whether the Babylonians could take a cube root of any number
or whether they understood the existence of irrational numbers.
Modern mathematicians working on the elementary level
explain the difference between a rational number and an irration
al number in terms of the type number that it is when decimalized.
Every rational number, if decimalized, will become some sort of
repeating decimal, repeating after one, two or some number of
places. Every irrational when decimalized becomes a set of
digits, no portion of which ever repeats its order. This was
proved in the last century. While the Greeks never developed
algebra as the major part of their mathematics as the Babylonians
did, they were able to approach the problem of the irrational
from their geomBtrical viewpoint and prove for the first time,
as far as is known, the theoretical existence of the irrationals
by showing that the diagonal of a square is incommensurable with
the side, in essence, proving that the square' root of two is
irrational. While the Babylonians developed the sexagesimal
system adequately to have discovered the irrationals, there is
no evidence that they believed or expected a decimal to continue
indefinitely. They consistently rounded off to six sexagesimal
places, while the most elaborate calculations extant are carried
out to only seventeen sexagesimal places. They never proved the
irrationality of any number in any modern sense of the word, or
even in the Greek sense. Thus, while it can be said that they
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worked with quantities that are known to be irrational, there is
no evidence that they knew them to be irrational.
Bell claims that they approximated the square roots not
2 2 1/2
available in their tables with two equations: (a + b ) =
a + b^/2a and (s^ + b^)"'-''^ = a^ +. 2ab^.^^ He says, "The first
is reasonable and reappears about two thousand years later with
Heron of Alexandria; the second is hopelessly wrong, being
5k
dimensionally impossible." He also suggests that they had a
second form in which they expressed the irrational.
In further approximations to quadratic surds they used
what may be interpreted as the first steps toward con
version into periodic continued fractions. For V"2
they gave the approximation 1 5/12, correct to two
decimals,
tilhile the first of these facts may give us some insight into
what they did to obtain square roots, they still shed no light
on the problem of how the Babylonians discovered these equations
originally. Bell, in another discussion, suggests that the
Babylonians solved some cases of the bi-quadratic or fourth
degree equation.
R. C. Archibald says that texts exist in which,
�, . , square roots of non-square numbers, such as 1700, are
discussed. In this particular case the problem, on an
Akkadian tablet of about 2000 B. C, is to find the length
53 5k 55
Ibid- Ibid. Ibid.
Eric Temple Bell, The Magic of Numbers (New York:
McGraw-Hill Book Company, 1946), p. 26.
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of the diagonal of a rectangle whose sides are ;40 and ;10.
It is worked out twice, as if by two approximation formu
lae. 57
The two formulae stated above are apparently the same ones that
Archibald has in mind in this passage. Philip S. Jones cites
still another example of the way in.which the Babylonians may
have computed square toots, which he borrows from Otto IMeuge-
bauer. He says in some detail.
Since many of us teach a "division method" for extracting
square roots, a recently discovered example of its use in
Babylonia at about 17DD B, C. is of interest. In this
example a square is shown with a side labeled 30 in cunei
form symbols and a diagonal labeled on one side 1 + 24/60
� + 51/602 + 10/603 and on the other 42 + 25/60 + 35/602.
The latter is the length of the diagonal. It is thirty
times the former, which is thenV"2. That the Babylonians
of this time understood the general concept that the diag
onal of a square 13^2 times its side is of interest...,^�
These statements that have been surveyed at least give ,an
intuitive idea of the way in which the ancient Babylonians
operated to achieve their results, Neugebauer suggests, accord
ing to Jones, that they made an estimate as a first approxima
tion, divided the estimate into two halves, took the mean of the
estimate and the result of the division and used this as a new
59
approximation. This process can be repeated indefinitely
57
Archibald, o�. cit. , p, 215,
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Philip S. Jones, "Miscellanea - Mathematical, Histori
cal, Pedagogical," The Mathematics Teacher, XLII (October, 1949)
pp, 307-308.
Ibid., p. 308.
72
with increasing accuracy.
One other clue concerning their ability to handle the
irrational number comes to us from their handling of the trans
cendental irrational number "pi." The fact is well known that
they most generally used three as an approximation to pi,^*^
In fact, it was generally thought that this was the only esti
mate that the Babylonians had, or at least the only important
one, until recently. As late as 1935 G. A, Miller could write,
It is a marvelous fact that in the long period of pre-Grecian
mathematical development there does not appear a single
instance of a carefully thought out plan to secure the
determination of the ratio between the circumference and
the diameter of a circle to any desired degree of approx
imation. The fact that in the 2000 year period of the
recently discovered developments of Babylonian mathematics
this ratio was so commonly assumed to be 3 seems at first
almost incredible even if some evidences seem to point to
other approximations, 61
UJhat Miller hinted in 1935 is now well known. The Babylonians
had computed the value of pi to six sexagesimal places. In
a society that made relatively unsophisticated demands upon its
mathematicians it is a major achievement that they would have
the abstract interest to compute something to several places
Georges Conteneau, Everyday Life in Babylonia and
Assyria, trans. K. R. and A, R, Maxwell (New York: St. Martin's
Press, 1954), p. 222,
G, A. Miller, "Correcting Errors in the Histories of
Mathematics," School Science and Mathematics. XXXV (December, 1935)
p. 978.
-�__
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Tom Jones, Ancient Civilization (Chicago: Rand McNally
and Company ,1960) , p. 58,
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when the first place uas adequate for their purposes. H. Lu, F,
Saggs points out that three may not have been as common an
approximation as has been claimed. He says that they sometimes
63
used 3 1/8, Again ue must note that the Babylonians gave no:
indication that they thought that this sexagesimalization of
pi would continue indefinitely,
III. C0(\!CLUSID1\!
One could continue almost indefinitely with an analysis
of the algebra of the Babylonians and in no way exhaust their
accomplishments. For example, one could study such problems
as the meaning of Plimpton 322, located at Columbia University,
which some scholars have taken to be two members of a set of
Pythagorean triples, which are sets of numbers that satisfy
the Pythagorean theorem. From this we could extend our study
into the geometrical applications of Babylonian algebra.
Related to such a. study as the preceding is the feeling
of some scholars that there is a trace of trigonometry in some
of the tables of astronomical observations. But one of these
supposed achievements of the Babylonians would help us analyze
their number system much beyond what has already been observed.
The preceding glimpse of the achievement of the Babylonians
should leave one with a sense of awe at the major advances that
H, kl. F. Saggs, Everyday Lj/fe jji Babylonia anjd Assyria
New York: G. P. Putnam's Sons, 1965), p.. 84,
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they and the Sumerians made, and the closeness uith which they
approached a successful system. Regrettably, no other IMear
Eastern people were able to modify and advance the system more
quickly than the long detour through Greek astronomy, through
the Indians and Arabs.. More than six centuries passed before
the Arabs began to make significant progress again on their
combination of Greek and Indian background. Regrettably, in the
meantime, western cultural traditions had taken another route
through the Greek alphabetic system and the Roman system. It
is not until the fourteenth and fifteenth centuries before there
is again a useful number system in Europe.
In conclusion a few characteristics of the Babylonian
system, in contrast with the Greek system which will be approached
in a later chapter, are noted. First, while the strength of
the Greeks was in geometry, the strength of the Babylonians was
in algebra, which the Greeks ignored as the realm of the slave.
Of course, many geometrical figures appeared in Babylonian
tablets, and many problems had a geometrical origin, but the
solutions were handled arithmetically or algebraically. Secondly,
the Babylonians were the most prolific table compilers until the
modern era. The Greeks only compiled astronomical tables, with
most of these dependent on the Babylonian tables which preceded
them. Thirdly, it was often maintained in the earlier part of
this century that the Babylonians were a practical people and
that their mathematics were basically empirical. With the
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increase in textual materials. a gradual understanding has pointed
to the fact that if the extant, problems uere the normal everyday
problems, then the Babylonians were sadly lacking in the ability
to lay out square fields, and her merchants were sadly unable to
avoid awkward exchanges. Many of the problems appear to be so
complicated that it is apparent that they were constructed for
the pure pleasure of computing the answer. Furthermore, if their
mathematics had been basically empirical, they would have tended
to work toward general solutions, or they would have tended to
arrive at all types of problems, rather than the situation which
really existed, where they solved only special cases and special
tupes of problems. Thus, they seem to have had a truly specu
lative bant, and to have loved the science of mathematics for its
own sake. Fourthly, there is no evidence that the Babylonians
ever. looked for proof for their solutions. They never developed
the Greek concept of mathematics as a logically consistent
structure. This lack of interest in proof is the basic reason
why some have catagorized the science as empirical, as if assum
ing that these were the only two possibilities. To the writer,
it seems that the Babylonians were scientific or speculative in
a different way than the Greeks. 3, G, Crowther has said, "The
construction of ideal problems is an exercise in abstract
64
thought, and is a large step towards pure theorizing."
James Gerald Crowther, The Social Relations of Science
(New York: The MacMillan Company, 1941), p. 41.'
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Another point of strength of the Babylonians is that their
extensive use of tables, and their astronomical compilations,
led them to be able to have what Bell calls "... an extraordinary
capacity for detecting uniformities in masses of empirical
data.,,."^^ While this may appear to be further emphasis on
their empiricism. Bell is paying a compiment to their ability
to abstract from what has been empirically accumulated, Crow
ther goes even further by saying,
The Akkadian mathematics largely consists of abstract
problems concerning lengths and areas. The subjects
of problems were chosen only to illustrate methods of
calculation, and the attitude shown in much of their
work is philological, 66
However, in spite of all the skill they developed in arithmetic,
it was in some respects inadequate, because the lack of an
adequate concept of negatives, and the lack of the complex numbers
which one would not expect them to have, prevented them from
realizing that every second degree equation has no more than
two unique solutions, a third degree equation has no more than
three unique solutions, and so forth. Even the talented Greeks
were unable to move in this direction and so they, with the
Babylonians, were never interested in further speculation once
they found one satisfactory answer. This is one of the basic
Bell, 0�, cit, . p, 38,
66
Crowther, d�, cit. , p. 3k,
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barriers over which they were unable to pass into the area of
more elaborate number systems.
In retrospect, this study has noted that the Babylonians
retained the two number systems of the Sumerians. They reduced
the number of different symbols used but introduced more ambig
uities by standardizing the size of the symbols. The Babylonians
were familiar with all the primary operations. Especially,
their elaborate accomplishments in the area of the operation of
division, and certain special characteristics of the study of
rational numbers that applies to the Babylonians have been noted.
After discussing the advantages that the base sixty system
offers over the base ten system in the decimalization and the
sexagesimalization of fractions, the writer surveyed the relation
ship of division to the concepts of multiplicative inverses and
ratio^ The rather extensive discussion of division concluded
with a discussion of whether. the Babylonians were capable of
handling multiplication if both factors were rational numbers.
This was followed by a discussion of the secondary operations-
and other evidences of an expanding number concept in the
expected form. The problem of the Babylonians understanding of
irrational numbers was approached through a study of their
algebra, especially the use of second and third degree equations.
Having noted the salient paints of the mathematical structure of
Israel's major eastern neighbor, the writer now turns to Baby
lon's major southwestern neighbor, Egypt.
CHAPTER \J
THE EGYPTIAN NUMBER SYSTEM
I. INTRODUCTION
Moving from Israel's eastern neighbors to her uestern
neighbor, the next consideration is the number system of the
Egyptians.
The study of the Egyptian number system is important to
the dual purposes of this study. In the first place, the study
has value because the Minoans and the early Greeks appear to
have been highly influenced by the system of the Egyptians. These
other number systems are structured in a manner very similar to
that of the Egyptian, which means that they are mutually enlight
ening. Secondly, the Egyptian system is valuable for its place
as the system of the land in which Israel sojourned for a period
of its history. During the centuries in which Israel lived in
Egypt some of the number lore of the Egyptians is bound to have
been imparted to them. Historians well know that mathematics
was the exclusive domain of the priesthood, however, the Scrip
tures claim that Moses was trained in all the knowledge of the
Egyptians, which makes it likely that he learned at least the
rudiments of arithmetic. How much he learned and passed on to
his contemporaries is of course a moot question. Egypt played
a large role in Israel's political history and trade relations
were undoubtedly maintained through much of Israel's history.
This chapter is organized as expected. After the usual
discussions of the base and the script, the primary operations
will be treated. Special attention will be devoted to the
operations of multiplication and division because the Egyptians
used the unusual technique of doubling to accomplish these.
After a brief mention of the secondary operations, other evi
dences of an expanding number concept will be considered. No
mention will be made of zero or negative numbers as there is no
evidence that the Egyptians had any conception of these whatever,
even so rudimentary as that of the Babylonians. Special
attention will be devoted to the Egyptian handling of fractions.
Less is known about the Egyptian system than is desirable
because of the scarcity of documents related to mathematics.
Most information comes from two basic documents, both of which
are hieratic papyrus documents. The papyrus which was discovered
earliest is often called the Rhind papyrus after its purchaser.
It is also called the Ahmes or A'h-moses papyrus after the scribe
who copied it from an older manuscript. The papyrus currently
is placed in the British Museum. The title which Ahmes gave to
his work is "Directions for Obtaining the Knowledge of All Dark
Things." He copied his papyrus sometime around 1650 B. C. It
contains eighty problems in arithmetic and elementary geometry,
with the answers, but little work, given. The papyrus measures
about 544 centimeters long (about 18 feet) and 32 centimeters
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wide (about 13 inches). Of several small portions missing from
the manuscript, a certain number of them were discovered about
a half century after the manuscript was discovered in the
archives of the New York Historical Society.^
The other major papyrus is called the Moscow or Golenis-
chev papyrus, after its place of residence and purchaser respec
tively. Most estimates of its age place it near the end of the
Middle Kdngdom, about 250 years older than ths Rhind papyrus,
near 1900 B. C. The papyrus is approximately the same length as
the Rhind, but only measures eight centimeters wide. The
papyrus contains only twenty-five problems, as opposed to the
eighty of the Rhind papyrus, but some of the problems appear to
be somewhat harder, implying knowledge of the formula for the
3
volume of a truncated pyramid.
Other less important materials from ancient Egypt include
the papyri found at Hahun and Akhmim. In 1886 at Akhmim in
Upper Egypt a fragment of the Gospel of Peter was found which
had mathematical materials on its reverse side. The fragment
was published in 1892 by J. Baillet. The papyrus is assumed to
James R. Newman, The Ldor^ld of Mathematics. _I (New York:
Simon and Schuster, 1956), p. 170."
^
Ibid.
^
Ibid.
^
Edgar 3. Goodspeed, Ths History of Early Christian
Literature (Chicago: University of Chicago Press, 19^+2), p. 74.
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have been written after 350 A. D., in Greek, It is thus beyond
the temporal boundary of this study, but is interesting because
the format of the papyrus and the type of problem discussed
1
resemble the Rhind papyrus, showing the relatively static nature
of Egyptian mathematics over two millennia.
The "Kahun papyri" were edited. and published in 1698 by
"Griffith," but this author has been unable to trace the title
7
or content of this work.
The first demotic mathematical papyrus was published by
Richard A. Parker in 1959, and presumably more demotic materials
Q
will be forth coming, Neugebauer says that there are fragments
at the University of Copenhagen and a large papyrus found at
9
Tunah el Gebel in 1939 that are yet unpublished. From this
brief survey of the available sources we must conclude that very
little is really known about Egyptian mathematics, and many of
Florian Cajori, A History of Mathematics (New York: The
Macmillan Company, 1926), p. Ik.
^
Ibid.
7
Raymond Clare Archibald, "Babylonian Mathematics," The
Mathematics Teacher. XXIX (May, 1936), 216.
g
Richard A, Parker, "A Demotic Mathematical Papyrus Frag-
ment." The .Journal of Near Eastern Studies, XUIII (October, 1959),
275..
9
Otto Neugebauer, The Exact Scisnces in Antiquity (New
York: Harper and Brothers, 1962, Reprint of second edition of
1957), p. 91.
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the conclusions presently held are, at best, tentative.
The major sources for the study undertaken in this chapter
have been the various partial reproductions and translations with
commentary of the Rhind papyrus. Examples of these would be that
of James R. Newman''''^ and Otto Neugebauer, "'�'^ The other major
primary source is the demotic fragment published by Parker. The
usual discussions of Egyptian mathematics in histories of mathe
matics have been surveyed and studied critically.
II. A DESCRIPTION OF THE EGYPTIAN NUMBER SYSTEM
The Base
The base of the Egyptian number system was ten. This is
most readily apparent in the hieroglyphic numeral system where
a new symbol was introduced at each successive power of the base.
Some have suggested that the Egyptians used other bases such as
12
five, twelve, twenty and sixty. There seems to be no documen
tary evidence to support this statement. If it is true such a
situation must have existed before the base ten system became
stabilized.
The Three Egyptian Number Scripts
The most widely known Egyptian number script is the
Newman, d�, cit. , p. 169.
Neugebauer, op. cit, , pp. 71-96.
1?
Florian Cajori, A History pf Mathematical Notations
(Chicago: The Open Court Publishing Company, 1926 )"7 p. 11.
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hieroglyphic. This script was used mainly fcr inscriptions
carved in stone or wood and was somewhat decorative compared to
the later hieratic and demotic writing. The numerals were
repetitive, using only the additive principle. A new symbol was
introduced at each power of ten, implying a lack of understand
ing of place value. The symbols were similar to those of the
following table.
f = 1 The symbol probably represents a staff.
n = 10. The symbol represents a heel bone.
9 = 100 The symbol represents a scroll.
= 1000 The symbol represents a lotus flower.
(f = 10,000 The symbol represents a pointing finger.
^ = 100,000 The symbol represents a burbot fish.
^ = 1,000,000 The symbol represents a man in astonishment.
Florian Cajori suggests that certain of these standard inter
pretations may be in error. He says that the symbol for 100,000
was a bird rather than a fish, which was called the burbot,
The more common view is that it was a whiskered fish something
like the catfish. He also suggests that the symbol for a
million may have been the picture of the "cosmic deity Hh.""''^
Finally, he mentions that some scholars believe that the Egyp-
15
tians had a symbol \jl which they used for 10,000,000. In the
most ancient hieroglyphics the scribes made two or three lotus
13 14 15
Cajori, o�. cit. , p. 12. Ibid. Ibid,
flowers grow from one bush to represent two or three thousand.-
This usage gradually disappeared,"^^ Gajori also mentions that at
some time between 1600 and 2000 B, C, the multiplicatiue principle
came into use in the hieroglyphic system. At least two instances
have been found where, "A smaller number written before or below
or above a symbol representing a larger unit designated multipli-
17
cation of the larger by the smaller." This usage is the same
as a technique used by the Greeks some 1000 years later, and is
yet another, evidence of borrowing in the ancient world
The second major script used by the Egyptians was the
hieratic. The hieratic represents a cursive simplification of
the hieroglyphic, coming into use some time after 3300 fi. C,
It endured alongside the hieroglyphic until the eighth century
B, C, when it began to give way to the demotic script, which
was even more cursive. The hieratic is the script used in the
two major papyrus documents preserved to us. The numerals used
in these two documents are similar to those of the following
70 or >j or
BO
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100 /
200 y
^% or
Tiaoxe,
1 /
2 // 7 2 or
3 /// a =r
Zf � or m/ 9 &rc^
5 Y or q 10 A
20 A
30 or ^)\
40 �^
50 \ or ~^
60 21^ or
Ibid,, p. 14, Ibid.
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300
�
V ^^^^ 6000
400 1000 // QT ^ 7000
500 "1^ 2000 6000
600 3000 9000
700 Z-^ 4000
800 //^/^ 5000
These symbols appear at first glance to be much more compli
cated than the simple hieroglyphics. They are more involved
but there are intelligible patterns. When the operation of
multiplication is surveyed in this system it uill be found
that they accomplished this by a process of doubling. The
first traces of the doubling process are found in the numerals
themselves. The symbols for the first three numerals are easily
explained, because they are simply vertical strokes, the bottoms
of which have been turned as the pen was lifted from the papyrus.
In some cases four was written the same way, but in others a new
symbol was introduced. It was a horizontal elongated stroke. Two
symbols were used for five, one appearing as a run together three,
for which the origin is unknown. The other symbol is fairly
easily explained as half the symbol for ten which still
resembles the heel bone. This explanatioa fits the Egyptian
concept of division which centered, in the opinion of some.
18
The symbols in this table are adapted from those of
Cajori, o�, cit. , p, 12 and those of t^ystein Ore, Number Theory
and Its History (New York: McGraw-Hill Book Company, 1948), p, 13,
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about halving. Six is expressed as three plus three or two
threes, in line with their concept of doubling. Seven was a
totally new and unrelated symbol. Eight was commonly expressed
as four plus four or two fours. Nine is unusual but may be
related to five plus four. The hundreds and thousands are built
up with the multiplicative property. A small number attached to
the symbol for a hundred, which counts as the last of the small
numbers, is to be multiplied by one hundred. One other specula
tive point of interest is the possible connection of the symbol
for sixty with the Semitic letter Sin,
Ulith the increased number of different symbols numbers
could be written much more compactly, a condition necessarily
motivated by the move from temple inscriptions to writing on
papyrus, Ide must recognize that this gain in compactness came
at the expense of moving away from the simplicity of the ciphered
system. It is interesting to note that the Hinoans, early Greeks
and the Copts, all of whom were in some measure dependent upon
the early Egyptians, returned to the ciphered system with its
19
new symbol at each power of the base.
The third script used by the Egyptians was the demotic
which came into use in the eighth century B. C. and gradually
replaced the hieratic script. It was even more cursive than the
hieratic that had preceded it. The demotic symbols appeared in
87
a farm similar to that of the symbols in the follouiing table.
1 1 ID 100 J,
2 20 200
3 h 3D 300 Mi
U or K) UD 400
5 9 50 500
6 60 600 %
7 70 700
8 80 9 800
9 ? 90 900
Most or all of these symbols are related, to the preceding
hieratic and represent simplifications of the hieratic symbols.
The Primary Operations
Addition. The most probable assumption is that the
Egyptians used some variation of the counting board or abacus
as most other ancient peoples did. One should note, houever,
that with the hieroglyphic ciphered system addition could be
performed fairly easily with the symbols themselves. The only
necessary skills would be the ability to count to ten and a
knowledge of the meaning of the seven or eight different symbols
used in the system. The only technique involved would be the
substitution of the next larger symbol when ten of a smaller
Cajori, loc. cit.
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had been counted. The hieratic and demotic number symbols did
not lend themselves to this kind of manipulation as readily. We
must presume therefore that, luith the introduction of the neu
symbols, the Egyptians fell back to the use of a mechanical
device or else learned a table of number facts in something like
the fashion presently.
Subtraction. With the hieroglyphic symbols subtraction
could also be performed. They could have accomplished this by
matching symbols one to one and then eliminating these pairs.
The only difficulty involved would be if there were more of one
kind of symbol in the number to be subtracted than in the number
from which the subtraction is being made. In this case the only
technique involved would be changing a larger symbol into ten of
the next smaller symbol. For example, the Egyptians could have
subtracted in the following manner: The problem
9 ^ n n lit
p n on liii/
would be changed into
9 nMfinonnnf) n niii'im m
nnn lu/i
nnnnnonn luTTiii
which gives the indicated answer. There is no record that the
Egyptians actually performed these operations, but it is worthy
of note that they are the first people who had a simple base ten
system which had the potential for performing the operations in
89
this fashion. As has been pointed out the Egyptians like most
other ancient peoples used the system primarily for recording the
answers. It is interesting to note, however, that the Egyptians
retained the use of the hieroglyphic symbols as late as 100 B. C.
on the temple of Horus at Edfu to ennumerate the land area owned
21
by the priests. It must have been useful for either computa
tion or monumental inscriptions to be retained so long after the
introduction of two other scripts.
Multiplication. The Egyptians did not perform multipli
cation in the. same manner that it is done now. Rather than
having at their disposal a complete set of multiplicative number
facts they only used the number facts for two. In other words
they could only double or halve a number. In spite of this
deficiency, they learned to accomplish multiplication by a
rather unusual algorithm. Suppose that one wished to multiply
543 by 123. They arranged the work in the equivalent of either
of the following examples,
543 1 123 1
1086 Z 246 2
2172 4- 492 4
4344 8 984 8
8688 16 1968 16
Florian Cajori, A History of Kiathematics (Neu York:
The Macmillan Company, 1926), p. 10,
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17376 32 �3936�32-
34752 64 64-
62976 512
66769 543
The problem has been worked two different ways by the same
method. The technique is simply to begin with one of the factors
to be multiplied, and the number one. The number one and the
factor are repeatedly, doubled, giving the tables recorded above.
The doubling process is continued until doubling again would
give a number in the column in which one is being doubled that is
larger than the unused factor. By inspection or by trial and
error the Egyptian then found which numbers, in the column in
which one has been doubled, would add to the unused factor.
The unnecessary number or numbers are crossed out along with
their mates in the other column. The other column is then summed
to give the product of the original two numbers. The problem is
worked the second time with the other factor of the original pair
to demonstrate that the algorithm works regardless of which
factor is selected. The Egyptians ware aware of this flexibility
in the selection of the numbers to double. It is an application
of the commutative property (a x b = b x a) which they showed
evidence of knowing by interchanging multiplier and multiplicand
91
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upon occasion. There is an obvious advantage in selecting the
larger of the two factors to double because the algorithm takes
fewer steps to complete, as shown in the above example. Perhaps
the Egyptians were also aware of this, but the writer has been
unable to aasertain the fact from the reproductions and trans
lations of problems.
Division, Occasionally it is suggested that the Egyptians
accomplished division, the inverse of multiplication, by some
process of halving, the inverse of doubling. In certain situ
ations this seems like a plausible suggestion. For example,
suppose that one divides 429 by 143 by some process of halving.
429 143
214 71 (Ignore ths halves as the Egyptians did.)
107 35
53 17
26 8
13 4
6 2
3 1
Three is the correct answer. However, one need only work another
example to illustrate that this is not the manner in which the
Egyptians accomplished division. Divide 576 by 24,
G. A. Miller, "Theorems Relating to Pre-Grecian Mathe
matics," The American Mathematical Monthly, XXXl/III (IMovember,
1931), 496.
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576 24
288 12
144 6
72 3
36 1
The correct answer is twenty-four and not thirty-six. In a
search for the correct technique within the bounds of halving
and doubling the writer sought the answer in a combination of
both. To divide 576 by 24 the writer preceded as in the follow
ing example.
576 1
268 2
144 4
72 8
36 16
18 32
This establishes that the correct answer is between eighteen and
thirty-six, but does not give the answer directly. The conclu
sion was tentatively reached that they may have found bounds in
the preceding manner and then by trial and error answered the
question "What number multiplied by 24 gives 576?" Until some
scholar reproduces an actual division problem, one must conclude
that they did not divide directly by a halving method. That this
is a safe conclusion is shown by the statement that Cajori makes.
The [Rhind] papyrus contains 17 examples which show by
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what a fraction or a mixed number must be multiplied,
or what must be added to it, to obtain a given value.
He cites as an example, "By what must 1/16 1/112 be multiplied to
give 1/8?" This is equivalent, if need be, to asking uhat 1/8
divided by 1/16 1/112 is, Juxtaposition, as shall be seen, in a
fractional statement means addition. Richard A, Parker's analy
sis of the only published demotic fragment confirms this hypothe-
25
sis, V/era Sanford suggests another technique by which the
Egyptians may have accomplished division. She suggests,
,,, the computer is to use successive doubles of the
divisor and its multiple of ten and from these build up
the dividend as nearly as possible, and then find the
remainder needed to complete the dividend. ,., for
example, to divide 657 by 34, we could proceed as follows:
Table of Doubles Subtracting
1 34 657
2 68 16 X 34 544
4 136 113
8 272 2 X 34 __6B
16 544 45
1 X 34 34
11
Thus 657 = (16 +2+1) 34 + 11, Accordingly the quotient
is (16 + 2 + 1) or 19 and the remainder is 11.26
This method is of course very close to that which was suggested
above except for the handling of the remainder. The Egyptians
could have readily reduced 11/34 to unit fractions according to
Florian Cajori, � History of Elementary Mathematics
(New York: The Macmillan Company, 1930), p. 22.
Ibid. Parker, o�. cit., p. 278.
Vera Sanford, "The Art of Reckoning III," The Mathe
matics Teacher, XLIV (January, 1951), 30.
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their normal patterns.
That the Egyptians could do division accurately, using
trial and error or Sanford 's method, is shown by the fact that
they used the technique of requla falsi or the rule of false
position which demanded division, Glanville quotes an example
taken from the Rhind papyrus,
^What number added to its seventh part gives 19?' To 7
is added its seventh part. Result - 8. The figure 19 is
then divided by 8 and the result is multiplied by seven
giving the correct result 16 1/2 1/6, or 16 5/8 as we
should write it now. 27
The only conclusion is that the Egyptians surely did divide, but
the exact method is not known.
The genuinely significant conclusion which arises from
the study of multiplication and division is that the Egyptians
were searching for a method to compute without the aid of the
abacus or other mechanical device. Some historians have wist
fully expressed disappointment that the Egyptian mathematics
was so stagnant for so long a time. Others, of course, have
depreciated the intelligence of the Egyptians because they
supposedly did not make any progress during the 2000 years from
1900 B. C. to the first century A. D. The truth appears to lie
somewhere between. As has been noted, by the ability to count,
knowledge of the number symbols and the ability to double, the
^'^
S, R. H. Glanville, The Legacy of Egypt (Oxford:
The Clarendon Press, 1942), p. 167.
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Egyptians potentially could avoid the abacus and compute with the
symbols of their system. Some of the problems of the Rhind and
Moscou papyri seem to indicate that they did this very thing. If
this analysis is true then the Egyptians were the only ancient
people to USB their symbols for the purpose of computation. This
perhaps partially explains the "stagnation" of the Egyptian
mathematics. Their static retention of a system and method of
computation better than any other until the arrival of the Hindu-
Arabic system is perfectly normal. A more important question is
why the Egyptians did not disseminate their superior system if it
was superior. The possible answer to this question may be in the
SBcretiveness of the Egyptian priesthood.
The Secondary Dperations
The next question for consideration is whether the Egyp
tians had any concept of squaring or taking square roots. It is
possible that the Egyptians thought of squaring and cubing
numbers as simply repeated multiplication in something like the
modern sense. Taking the square root may not have been unknown
according to Glanville, who thinks they may have regarded it as
28
a form of repeated division. This writer would again specu
late that the Egyptians more likely sought the answer, by trial
and error or the rule of false position, to the question, "What
Ibid. . p. 166.
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number multiplied by itself will produce x?" Glanville goes on
to say that the square roots of 6 l/h and 1 1/2 1/16 were cor-
reason that these particular two square roots, even though
fractional, were known is fairly obvious when one reminds him-
^self that 6 l/h is 25/4. The square root of twenty-fivs is five
and the square root of four is two. Experimentation shows that
(5/2) s 25/4. This result is simple enough that it could have
been found by accident or by trial and error. The other example
that Glanville cited, 1 1/2 1/16, is 25/16, the square root of
which is easily seen to be 5/4, Again this could have been
gained by experience, rather than knowledge of a method for
extracting roots, Glanville depletes the force of his own
statement that they regarded extracting roots as repeated divi
sion, by concurring with the view that they did not divide by
3D
halving but by the method this writer has advocated.
Other Indications of an Expanding Number Concept
Zero, The Egyptians did not have a place value system.
The tendency was toward a place concept as they moved from the
hieroglyphic to the demotic, but even the latter was far removed
from a place value system. The Egyptians thus had no need for
a symbol for an empty place and thus no need for- zero. There
rectly evaluated, but that no general method was known. 29 The
29
Ibid.
3D
Ibid.
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is no evidence that they ever used one in their pre-Christian
history.
Negative numbers. One of the best illustrations of the
fact that the number systems of the ancient uorld did not develop
in the modern logical pattern is the fact that the Egyptians
developed fractions long before they were aware of negative
numbers. In fact, there is no evidence that they ever used
negatives even in the limited sense that the Babylonians did-
Fractions. The Egyptians developed the use of fractions
in an interesting manner and fairly extensively. While, the
Babylonians attempted to simplify fractions by restricting the
denominators to a base and its powers and allowing the numer
ator to vary, the Egyptians chose to leave the numerator invar
iant and to allow the denominator to vary. What the Babylonians
did resembles decimal fractions, and what the Egyptians did resem
bles what are called unit fractions, or fractions with a numer
ator of one. Just as doubling was a mediate technique more
simple than multiplication, unit fractions were a mediate tool
that enabled the Egyptians to make progress in handling the
rational numbers.
In the writing of fractions, monumental hieroglyphic
resembles the manner in which the numerator is presently writ
ten over the denominator. There was, of course, no bar separa
ting them as in decimal fractions. The one of the numerator was
represented by an oval, while the denominator was represented by
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the typical numeral symbols. Thus, (// represented 1/3 and HK
represented 1/12,
''^
This pattern uias folloued uniformly except
in the cases of 1/2 and 2/3 which seemed to be special. One-half
IP
was represented by the symbol ^ and two-thirds by ^z?* or q ,
In the hieratic and demotic scripts the oval was replaced
by a dot over the number which represented the denominator. The
regular hieratic and demotic numerals were used otherwise to
accomplish the expression of fractions,"^"^
Information concerning the actual use of fractions again
comes from the two major manuscripts, the Rhind papyrus and the
Moscow papyrus. The Rhind papyrus, for example, contains a
table for resolving fractions with a numerator of two and a
denominator that is odd from five to 101 inclusively, A mora
correct statement of the meaning of the table from the Egyptian
point of view would be, of course, the number two divided by
certain larger numbers with the results expressed as fractions.
The table could be used to reduce many simple fractions to a
form involving only unit fractions. For example, suppose one
wished to express 5/27 involving only unit fractions. The first
''�^.Cajori, A History of Mathematical Notations, op, cit.,
p. 13.
Floyd F. Helton, Introducing Mathematics (New York:
John Uiley and Sons, 1958), p. 73.
Walter H. Carnahan, "The Unit Fractions of Ancient
Egypt," SnhnnJL Science and Mathematics. LX (January, 1960), 5.
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step would be to break 5/27 down to 2/27 + 2/27 + 1/27. Then
using the table to find the unit fraction value 2/27, one dis
covers that it equals 1/18 + 1/54, The original fraction would
thus be (1/18 + 1/54) + (1/18 + 1/54) + 1/27. If one reassoci-
ates and commutes, this can be expressed as 1/18 + 1/18 + 1/54 +
1/54 + 1/27 2/18 + 2/54 + 1/27 = 1/9 + 1/27 + 1/27 = 1/9 + 2/27
which by the table equals 1/9 + 1/18 +- 1/54. This may not be the
exact procedure that the Egyptians used, but they must have used
something very similar to it. klithout this, use there would be no
reason for the construction of such an elaborate table. Some of
the values included in ths Rhind papyrus are as follows:
2/5 = 1/3 + 1/15
2/7 = 1/4 + 1/28
2/13 = 1/8 +. 1/52 + 1/104
2/29 = 1/24 + 1/58 + 1/174 + 1/232
2/61 = 1/40 + 1/244 + 1/488 + 1/610
2/83 = 1/60 + 1/332 + 1/415 + 1/498
2/97 = 1/56 + 1/679 + 1/776
2/99 = 1/66 + 1/98
Obviously, there are several possible ways of expressing any
fraction as the sum of other unit fractions. A question that
comes to mind is whether the scribe always selected the most
simple, or even if he had a method that allowed him to find the
most simple expression. There is no complete information as to
the method the scribe used to arrive at his answers. However,
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Carnahan notes that certain conclusions can be drawn from the
incomplete steps that the scribe does give. After pointing out
that the scribe does not always use the same sequence of steps
Carnahan says^
t
he seems to try to get simple combinations of unit
fractions, and he prefers to operate with 2 and 3 rather
than with larger numbers. Lie give here Ahmes' develop
ment for division of 2 by 5.
Notice that in the part that Ahmes calls 'Ulorking out'
there are four steps. We can interpret them thus: 1.,.5
means 'All is five,' ...as a final step Ahmes would
observe that addition of 1 2/3 and 1/3 in the last two lines
gives 2, the number being divided. So he arrives at the
unit fractions 1/3 and 1/15 as equivalent to 2 divided by 5,
For 2 divided by 13 Ahmes gives:
1/8 of 13 is 1 1/2 1/8 1/52 of 13 is 1/4
1/104 of 13 is 1/8
Working out
1 13
1/2 6 1/2
1/4 3 1/4
1/6 1 1/2 1/8
OJe can restate Ahmes' result as 2/13 = 1/6 + 1/52 + 1/104.
A simpler result would be 2/13 = 1/7 + 1/91 but Ahmes pre
fers dealing with reciprocals of powers of 2....34
Carnahan also points out a simple formula for reducing 2/(2n + 1)
2 divided by 5
1/3 of 5 is 1 2/3
Working out
1 5
1/15 of 5 is 1/3
2/3 3 1/3
1/3 1 2/3
1/15 1/3
for n = 1, 2, 3 to
1 1
where x and yf � � � x( X + y).
2
+
y( X J; y)
2
are factors of 2n + 1. Ahmes apparently did not have this
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formula. The equivalent of the formula has been found at Akhmim
on the Nile in a papyrus dating from some time between 500 and
BOO A, D.-'^
The use of unit fractions avoided the necessity of devel
oping definitions for addition, multiplication and equality of
general rational numbers such as the modern a/b + c/d = (ad +
bc)/bd, (a/b) (c/d) = ac/bd and so forth. It is doubtful that the
Egyptians ever developed any approximation of a general theory
of rationals, in spite of the unsupported claims of G. A,
36
Miller, This is probable because, as Miller himself pointed
out in a different article, there was no such term, in the
extant papyri, as "common denominator," a necessary concept for
37
a developed theory of rationals. Of course, not everyone
agrees that a word for common denominator is necessary for a
general method of accomplishing the operations, but the concept
38
certainly is necessary. Regardless of our conclusion on this
matter one must respect the accomplishment of the Egyptians, for
they moved the operations with fractions from the realm of the
impossible to the realm of the merely tedious.
35
Helton, D�. cit. , p. 45,
35
G. A'. Miller, "General or Special in the Development
of Mathematics, " Science. XCIII (March 7, 1941),- 235.
37
G. A. Miller, "On the History of Common Fractions,"
School Science and Mathematics. XXXI (February, 1931), 140.
Ibid.
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Irrational numbers. The occasional speculative ability of
the Egyptians appears in the occasional verification of the
validity of an answer to a problem. This is a sort of half-step
between the Babylonians and the proof loving Greeks, In spite
of this step toward proof there is no evidence that such specu
lative wanderings led the Egyptians to the discovery that the
square roots of some natural numbers are irrational. In fact,
the evidence seems to say that they did not understand the
irrational at all, for they had a fair rational approximation
for the irrational pi. They arrived at their approximation for
pi by assuming that a square with sides of eight units equals a
circle with a diameter of nine units. This estimate gives a
value for pi of 3 13/81 or 3,16045, whereas pi is more accurately
approximated as 3,14159, In the actual computation of pi the
Egyptians subtracted from the diameter its ninth and squared the
result. This means that the area A = (8/9 d) , If one recalls
2
that d = 2r where r is the radius this formula becomes (16/9 r) ,
2
which means that they evaluated pi as (16/9) . Even though they
recognized this relationship, it does not mean that they recog
nized the constant nature of pi. In attempting to discover why
the Egyptians chose this particular value, Hogben points out,
fl possible clue is that it lies midway between the figures
for the half perimeters of the equal-sided dodecagons
enclosing and enclosed by a circle of unit radius or, what
comes to the same thing, the mean of the areas of the
inscribed 12-sidBd and escribed 6-sided regular polygons.
The corresponding figures are 3.1058 and 3.2154, the mean
being 3.1606.-^^
This was not ths only approximation to pi that appears
Egyptian literature. Hogben again points out that,
The sides of the pyramids of Gizeh and their heights are
in the ratio 11:7, making the ratio of half the perimeter
to the height 3 1/7 ... [and] the Moscow papyrus gives a
formula for the area of a sphere making n equivalent to
3.14.40
These others only serve to confirm the suspicion that they did
not recognize pi as a constant and probably did not have any
other numbers that would have led them to an understanding of
irrational numbers.
Other Considerations
In considering evidences of an expanding concept of
number among the Egyptians one perhaps ought to note their
achievement in using symbols in something like the modern
algebraic sense, and the speculative attitude which they had
as evidenced by certain of their problems.
In hieroglyphic inscriptions the Egyptians used a pair
41
of legs (^) walking from right to left for addition. This
is appropriate when one recalls that they generally wrote from
39
Lancelot Hogben, Mathematics in the Making (New York
Crescent Books, 1960), p, 64.
Lancelot Hogben, Mathematics for the Million (New
York: Norton and Company, 1937), p, 56.
41
Helton, Q�, cit, , p. 40.
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right to left. Legs walking in the opposite direction symbolized
subtraction, reminding one of the modern concept of subtraction
as the inverse operation of addition. The Egyptians also had a
symbol for the unknown in something like the manner in which "x"
is used. The three hieroglyphic symbols for "hau" which is
translated "a heap" were used to represent the unknown. Thus, a
typical problem from the Rhind papyrus like "A heap, its seventh,
twenty-four" means "x + 1/7 x = 24." Helton claims that there
was also a hieroglyphic symbol for "equals" or the relation of
42
equality. These symbols seem to be the very beginning of
symbolic algebra, in fact, they are the only really significant
step toward a symbolic algebra in the ancient world, prior to
the Hindus. Ernest Uilliam Brown says that these symbols were
little used, but the really important matter is that they
existed at all. No new symbolism was ever adopted on a univer
sal scale, and with the known seclusiveness of the Egyptian
priesthood one ought not be surprized that the symbols were not
43
widely disseminated and adopted.
A survey of some of the problems of the Rhind papyrus
leaves one with the feeling that the Egyptians loved calculation
for its own sake. All the problems do not appear to have been
Ibi^.
Lorande Loss Woodruff (editor). The Development of
the Sciences (New Haven: Yale University Press, 1923), p. 7.
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intended to be practical. One problem may be translated, "Divide
100 loaves among five men in such a way that the shares shall be
in arithmetical progression and that 1/7 of the sum of the
largest three shall be equal to the sum of the smallest two,"
While such a problem is presented in a practical format, the
information desired is really hardly of a practical nature. Such
problems would hardly be worth preserving unless these were regar
ded as a test of skill, or something like mathematical puzzles.
Most of the problems in the Rhind and Moscow papyri are in this
practical format with impractical information, which is some
indication that the Egyptians were speculative as well as prac
tical mathematicians,
III. CONCLUSION
In this chapter the number system of Israel's major south
western neighbor, Egypt, has been surveyed. The system studied
was one with which certain of the Hebrews may have had contact
during their 400 year sojourn in Egypt, The fact that the
Egyptians used three different scripts, and moved with these
from a relatively pure ciphered system to a more confusing
arrangement of numerals, but one which retained the typically
Egyptian traces of doubling has been noted. The Egyptians, it
has been discovered, could accomplish all the primary operations,
but multiplication and division were accomplished only tediously
by a process of doubling. They could raise numbers to powers by
106
repeated multiplication but there is no evidence that they under
stood the concepts of extracting roots, zero, negative numbers or
irrational numbers. As pointed out, the Egyptians gained pro
ficiency in handling fractions by resorting to the use of only
unit fractions. There are, as noted, traces of algebraic sym
bolism and speculative thought among the Egyptians. One must
concede that the Egyptians seemed much less proficient than the
Babylonians in algebra, but perhaps uere a short step ahead in
the use of the actual number symbols for carrying out computa
tions.
CHAPTER Ml
TRANSITIONAL NUMBER SYSTEMS
I. INTRODUCTION
The psriod from the fall of the Old Babylonian Empire to
the invasion of Alexander was one which saw the rise and fall of
many lesser empires in the ancient Near East. The region which
constitutes modern Lebanon and Syria especially saw the appear
ance of numerous armies of invading kings who sought to build
empires. This period forms a transition from the control of the
lands bordering the eastern end of the Mediterranean by the
powers of the eastern part of the Fertile Crescent to control by
the peoples of the Greek mainland. The purpose of this chapter
is to survey some of the number systems which prevailed on the
islands of the eastern Mediterranean and the lands bordering it
during this period.
The study of these number systems is important, for it may
hold a key to the relationship of the Egyptians to the early
Greeks. When more research has been done there potentially may
be more information concerning the influence of the Babylonians
on the Phoenicians and through them upon the Greeks, The con
tinuity of the history of mathematics is coming within reach as
these transitional number systems are exposed. The importance
that this survey has to the study of the Hebrew number system may
be seen when the trade relations are recalled, and the similar-
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ities of the actual system, with the Phoenicians during the
reigns of David and Solomon,
This chapter is divided into two major sections. The
first of these discusses the Minoan and Mycenaean Greek number
systems and the second discusses the mainland systems of PhoB~
nicia and Ugarit, The systems of Asia Minor have been omitted
because of the scarcity of information about them. The order of
discussion of each characteristic of a number system will pro-
cede in the normal sequence: base, script, operations, other
evidences. The lack of information forces the omission of dis
cussions of the secondary operations, negatives and irrational
numbers in these transitional number systems,
While the existence of extensive Mediterranean cultures
has been recognized for many decades, it has only been during
the period of extensive archaeological efforts in the last three
decades that much has been known about these cultures, Very
little about the Minoan and Mycenaean cultures was available
until Linear Script B was deciphered in the early part of 1952,
Most of the important work on the languages of Ugarit has been
done since World War II, Very little is known about the culture
and number systems of the rest of Phoenicia and other parts of
the eastern Mediterranean area.
The major source of information about the Minoans and
Mycenaeans has been the summary work of Michael l/entris and
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John Chaduick^ and for Ugarit Cyrus H. Gordon's grammar of
2
Ugaritic. Very little else is available.
II. THE MIMOAW AIMD MYCENAEAN NUMBER SYSTEMS
Many relatively independent cities, areas or islands
developed their own number systems, either modifying an estab
lished system to their own needs, or modifying their own with
improvem.ents adopted from another system. The Minoan and Myce
naean systems must be considered together. Minoan culture cen
tered on the island of Crete and is prominent from 1700 B. C. to
1200 B. C. Two scripts were used by the people of Crete, an older
hieroglyphic script and a Linear script called "A." Two numeral
systems parallel to these scripts developed. Sometime near 1200
B. C. the Minoan power passsd into the hands of a trade empire
centered in the city of Mycenaea on the Greek mainland. This
new people adapted the Minoan script to their language, creating
a new script called Linear B, which has been deciphered and
found to be an early form of Greek. The numerals of the Linear
A were retained in Linear B, bis shall outline each of these
three number systems.
Michael Ventris and Oohn Chadwick , Documents in Mycenaean
Greek (Cambridge: The University Press, 1956).
Cyrus H. Gordon, Ugaritic Textbook (Rome: The Pontifical
Biblical Institute, 1965).
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The hieroglyphic system. Ventris and Chadujick say that
the hieroglyphic system differs in its "conventions" from the
Linear scripts A and B,^ They say, "1,234 is written 0 W � ))))
and the fractional quantities appear in the forma (or T � ),
which may represent 1/2, 1/4, 1/8 ( I and /* are ideograms)."'* If
their analysis of the meaning of these symbols is correct then
the implication is that this was a base ten system, with a new
symbol introduced at each power of ten in the same manner as the
Egyptian hieroglyphic system, A relationship between the two
systems is likely. No place value concept is involved, in this
system, and so zero would not be expected, and does not appear
in any extant tablet. The operations of addition and subtraction
would be no more difficult than the same operations in Egypt.
Most of the extant tablets are of an inventory nature, and there
are no examples of multiplication or division. It is useless to
speculate whether they doubled as the Egyptians did, or whether
they had the abacus or some variation of it. If the analysis of
the fractions is correct it would provide still a further link
with the Egyptians, The interpretations mentioned in the above
quote are all unit fractions involving the process of halving,
both typically Egyptian characteristics. From the available
materiels their handling of fractions appears primitive.
Ventris and Chadwick, D�. cit. , p, 30. Ibid.
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Linear A, The decimal nature and the introduction of neu
symbols at each power of the base exactly resemble the hiero
glyphic which preceded. The actual shapes of the numerals in
Linear A bear a little resemblance in some cases to the hiero
glyphic symbols. In Linear A the number 1,234 would be written
either as -<^%Z~ll or -^1 .*';|.^ The symbol for "one" is seen to
be the same, and the symbol for ten is either the same or very
similar. The symbol for 100 bears little resemblance, but the
symbol for 1000 with its four protrusions looks a little like
the hieroglyphic diamond. The Linear A could well be a mere
simplification logographically of the former hieroglyphic symbols.
Generally, totals are thought to be introduced by the word
A-+ , thought to be "ku-ro." Cumulative totals are introduced
by the word --f T The symbol -f may have the meaning
"owing" or "lacking" and may carry the sense of subtraction.
The efforts of various scholars have tentatively established the
meanings of several fractional symbols by means of tablets that
are thought to be addition problems,
bi, French Anderson has presented an elaborate brace of
articles on the simple operations in the Roman numeral system
g
and the Minoan numeral system. These articles are interesting,
^
Jbi^'� P� 35,
^
Ibid, Ibid,
�
Ibid,
q
W, French Anderson, "Arithmetic Procedures in Minoan
Linear A and Minoan-Greek Linear B," American Journal of
Archaeology, LXII (July, 1958), 363-8,
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but in some respects they are irrelevant, for Anderson has simply
shown that one can operate with the symbols of a different system
using modern operational algorithms, most of which evolved after
1600 A. D. He has attempted to show that the Minoans could have
performed long division and could have extracted square roots in
a manner very similar to that in which they are presently perform
ed. However, it is extremely doubtful that any Roman, Minoan or
any other person in the ancient world used methods at all like
modern ones because they did not have perfect place value sys
tems. As previously mentioned, there are few examples of actual
calculations from ancient sources, which places the weight of
probability behind the contention that the abacus was the nearly
universal means of accomplishing calculations. One could repro
duce modern methods in nearly any script. A mere change of
symbols does not make the operations impossible, only unsensible.
The operations may become much more tedious, of course. These
articles have practically no value in illuminating the actual
manner in Djhich the Minoans and Mycenaeans actually carried out
their operations,
Anderson also criticises the Minoans for not developing
simplifying concepts for five, 50 and 500 as the Romans did.
This fact is greater evidence of dependency upon the Egyptians
than it is of a "limited degree of literacy,"
Ibid., p. 368.
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Ventris and Chadwick describe the fractions by saying,
"The signs for the fractions comprise the following, singly or in
combination: i 11^ J T ^ ^ ~^ ll^t'"'^'^ Attempts to
assign values have centered around five tablets: HT 6, HT 9a, HT
13, HT 123 and HT 124, which are supposed to have sums involving
12
fractions. Scholars have tentatively established the sign /
as 1/2, 7 as lA and ^ as 3/4. Ventris and Chadwick continue,
As for the other symbols, it appears probable that they
represent a series of aliquot partsl4 decreasing in size
from 1/2 to 1/32 or less; that the smaller terms are com
bined with larger in order to express fractions like 3/8
and those larger than 1/2; and that their descending order
of size corresponds vary approximately to the order in which
they have been printed above. 15
These assignments of values must be taken as tentative until
more materials are available.
Linear B, The numeral system and the symbols used in
Linear B were the same as those for Linear A. Certain changes
as one moves from the Minoan to the Mycenaean appear that are
notable. First, a new symbol was introduced (-<^) which repre
sented 10,000. It consisted of the Linear A symbol for 1000 with
a horizontal bar internally .^^ Of course, the symbol may not be
Ventris and Chadwick, d�. cit. , p. 36,
12 13
Ibid. Ibid.
14
An aliquot part of a number is a factor of the number,
15
Ventris and Chadwick, loc. cit,
15
Anderson, �g^. cit. , p. 368,
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new, but it has not been discovered in the Linear A,
An interesting phenomenon is exhibited in the use of the
Linear B or Mycenaean numerals that is reminiscent of the more
primitive stages of counting. Uentris and Chaduick point out that,
When, the scribe counts CHARIDT-HORSES, DRAUGHT-OXEN, WHEELS
and sometimes Corslets, the num.erals are preceded by the
signs ZE or MO, The numbers occurring uith ZE vary from
1 to 462, but only 1 is found after MO, and this term always
comes last if at all. Furumark independently recognized
that ZE represents zeugos "a pair" and that MO stands for
monujos (Attic ^oi/oO "a sihgle one." With "one pair" and
"two pairs" the nouns and adjectives describing the commod
ity are written in the dual form. "Five wheels" are written
0^ = " ^1, or "two pairs and a single one."!*^
Such a use reminds one of the primitive attempts to count by twos
in order to extend the number system. This could be an evidence
that the Mycenaean invaders of the Minoan empire were more prim
itive, or it may merely be another trace of Egyptian doubling.
One other characteristic of Linear B that may represent
a return to a more primitive level is the fact that while the
Linear A symbols for the numerals were adopted, no tablets have
been discovered which use the Linear A symbols for the fractions.
Again Wentris and Chadwick say.
No signs for fractions have been found following numerals
on the Mycenaean tablets, but this does not prove their
non-existence; if we happen to have a record of_ such things
as "1 1/2 loaves" or "3 1/4 days" we might well see frac
tional symbols used, possibly identical with those of
Linear A,!^
While the fractions did not enjoy an independent existence in
^'^
Uentris S Chadwick, op,cit. , p. 54, Ibid, pp, 53-4.
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Mycenaean culture, this does not mean that they did not under
stand the use of fractions. They rather used fractional weights
and measures in a manner different from Linear A, Uentris and
Chadwick summarize this phenomenon in the following manner:
For the larger number of agricultural and industrial com
modities measured by weight and by bulk, the Mycenaean
scribe possessed a series of signs for fractional quan
tities ,,,, The Mycenaean practice is in striking con
trast to that of Linear A, where no such subsidiary meas
ures are found. The odd amounts are there expressed as
fractions of the primary units, e. g. 1 + 1/2 + 1/8 + 1/16=
1 11/16; and of these units only that for weight appears to
have a distinguishing symbol The Linear A fractions
imply that odd amounts of, let us say, grain were estimated
by pouring the residue once only into a number of smaller
vessels scaled successively 1/2, 1/4, 1/8, etc., of the pri
mary unit; the Mycenaean stewards measured grain in vessels
representing 1/10 and 1/60 of the unit, each of which was
filled as many times as the residue allowed. He recognized
in the Linear B weights and measures a system introduced,
together with the new language, from outside Crete, prob
ably from the Greek mainland or from its trading dependen
cies. It should be noted, however, that several Mycenaean
symbols are clearly derived from Linear A fractions and
possibly express analogous ratios,
The movement seems to consist of a change from regarding frac
tions as numbers in their own right to regarding them as parts
of units of measure. Different fractions of different measures
would presumably have different names, which seems like a step
back from the abstract to the multiplicity of the concrete.
Also, we note that the Mycenaeans appear to have been influ
enced more by the Babylonians with their fractions based on
ten and sixty, rather than by the Egyptians with fractions based
Ibid, , pp. 54-55.
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on successive halvings.
From the small amount of material available it is diffi
cult to draw sweeping conclusions about the mathematical abili
ties of the Minoans and Mycenaeans. In spite of this lack, it
may be concluded with Uentris and Chadwick that, there
are no grounds for supposing that they lagged far behind their
neighbors in the ability to use reasonably effective techniques
20
of arithmetic...," Sterling Dow has depreciated the abilities
of the Mycenaeans for not developing simplifying concepts as the
Romans did, for not developing a base sixty system and for not
21
developing extensive tables as the Babylonians did. No one of
these criticisms is really condemning. As was pointed out in
the case of Anderson who offered similar criticism, for a people
who adopted the Egyptian system the introduction of simplifying
symbols for five is somewhat irrelevant. As for adopting a base
of sixty, there is absolutely no reason why the non-adoption of
this base represents inferior achievements. While the argument
of Uentris and Chadwick that the sexagesimal system is "...
22
naturally alien to speakers of an Indo-European language ..."
does not make sense, since the non-Semitic Sumerians originated
^�
Ibid., p. 117.
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Sterling Dow, "Minoan Writing," The American Journal
of Archaeology. LUIII (April, 1954), 123-125.
22
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it, one need not apologize for any people that did not use sixty
as a base. To counter the last criticism one needs only point
out that a people uiho did not have the bulky number system of the
Babylonians hardly needed the tables necessary to perform the
operations in that system. In his enthusiasm to point out the
incompetence of the Mycenaeans, Dou has recorded the fact that
there are erasures on the tablets in addition problems, and that
they apparently did some of the additions on the tablets them-
23
selves luith a knouledge of the basic number facts. If this
is a correct evaluation of what occurs on the tablets, then these
are the first recorded examples of actual computations done in
a system without the aid of some mechanical device. Tor this one
ought to commend the Mycenaeans rather than criticize.
It has been shouin in this survey that the Minoans and
Mycenaeans developed a number system in which they could per
form the basic operations and could use fractions, but at the
present there is no evidence that they had a zero, negative num
bers, the secondary operations or .irrational numbers,
III. THE PHOENICIAN AND UGARITIC NUMBER SYSTEMS
Phoenicia, Very little is known about Phoenician number
systems. The fact that the Phoenicians used their alphabet for
their numbers as early as 900 B. C, is commonly acceoted. They
23
Dow, D�. Cit, J p. 123.
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are among the early developers of the phonetic alphabet which
they apparently borrowed from Egyptian Semites. They are usual
ly assumed to be the first people of record to use the alphabet
for their numerals. The Phoenicians apparently used ten for the
base of their system since their imitators did, in spite of their
contact with the Babylonians, and the fact that they are supposed
to have provided the Babylonians with their standard weights and
measures. The use of the first ten symbols for the first ten
25
numbers, as attested on coins from Sidon, points to ten as the
base, as does the fact that they did not have enough letters to
count to sixty. The Phoenicians adopted the cumbersome alpha-
26
betic system, as Tobias Dantzig reasons, because the alphabet
was so vast a simplification in the writing of words. They appar
ently thought that if it could simplify words it ought to simplify
numbers. Since the alphabet is memorized in order, this ordinal
aspect may have suggested using it for counting. Unfortunately,
where the Babylonians had only needed two symbols, the Phoeni
cians needed twenty-seven.
The alphabetic system seems to represent a step backward
24
It). UI, Rouse Ball, A Short Account o� the HistoiM^ of
Mathematics (New York Dover'Vublidati'ons, 196Q, Reprint of the
fourth edition of 1908), p. 2,
25
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26
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from the place value concepts of the Babylonians. One must
remember that the Babylonian place value system had tremendous
potential for ambiguity, .For extensive commercial transactions
the alphabetic system may have been a necessary step to avoid
these ambiguities. The busy scribe in the heat of business was
less likely to make a grave mistake with the alphabetic system
than in the place value system without a decimal point. Dne
ought not to blame them for this necessary step.
Dne can say nothing about the operations, or other aspects
of the number systems prevalent in the Phoenician area,
Dne other problem presents itself for consideration.
That is the problem of whether the Phoenicians made the transi
tion to the alphabetic system from the Babylonian system or some
other base ten system. At some time or another the Phoenicians
27
used a vertical bar for one, repeating it up to nine times.
With this they combined a horizontal bar (for ten) used up to
26
nine times. The symbol for twenty is supposed to have appeared
yl 29
in at least three different forms: , & and . The symbol
for one hundred appeared to be \<\ or This system of
course is just like the Egyptian system save for the difference
31
in symbols. Ball calls this system a "later commercial script,"
27
Florian Cajori, A History d� Mathematical Notations
(Chicago: The Open Court Publishing Company, 1928), p. 18.
ibid' Ibid. Ibid, Ball, o�. cit., p. 126.
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but one uionders if it did not actually precede the alphabetic
script in the light of the more lately discovered Minoan and
Mycenaean systems, Lancelot Hogben claims that this ciphered
Phoenician system was the foundation of the _ Ionian Greek number
32
system as well as the Etruscan,
Ugarit, Since Ugaritic is an alphabetic language writ
ten with the cuneiform script, one would expect the numerals to
be cuneiform as they are. Also, since the script is an adoption
one would expect the numeral system to be an adoption. As expect
ed the logograms for one and ten are the same as the Old Babylonian
33
symbols for one and ten. The next concern is whether the
Ugaritic system used ten or sixty for the base. This is a dif
ficult question to answer because, for the most part, the numbers
3k
are spelled instead of being written logographically, Gordon
35
lists only thirteen texts that have logogrammatic numerals, and
only one of these is reproduced, The numeral for five is ar-
ranged exactly as the Babylonian five, but Gordon implies that
nine was arranged horizontally in three groups of three, rather
37
than groups of three arranged vertically. From the one
3?
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33
Cyrus H, Gordon, op, cit. , p. 42.
Ibid. Ibid. Ibid., pp, 309-310 (Text M 108),
Ibid., p, 42.
121
reproduced text it is impossible to determine the base since no
number as large as sixty appears. Judging on the basis of the
other number systems in the Ugarit area, the base was probably
ten, Borrouing cuneiform symbols for a base ten system would
not be inconsistent with borrowing it for an alphabetic language-
Nothing about fractions, zero, negatives or irrationals can be
said at present.
IV, CDWCLUSION
In this chapter several number systems that appeared in
the area about the eastern end of the Mediterranean during the
transitional period from 1600 B, C, to 300 B, C, have been
surveyed. Tbe two Minoan systems have been noted, the hiero
glyphic and the Linear A. The numerals and the use of fractions
in these two systems have been outlined. The Mycenaean system,
which was borrowed from the Minoans was studied subsequently.
Again there has been noted the numerals and the use of fraction
al weights and measures. Information is so negligible that the
study cannot be extended beyond these surveys. Ulith the Phoeni
cian systems even less is available. This study has been able to
note only that a ciphered system, an alphabetic system and a
cuneiform system were all in use in the area commonly called Phoe
nicia. Nothing about these systems can be described other than
the symbols used for counting. The temporal relationship between
the ciphered system and the alphabetic system is even undertermined.
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One must conclude that much more study is needed in this area,
and one must hope for more plentiful archaeological finds.
CHAPTER VII
THE GREEK NUMBER SYSTEMS
I.- INTRODUCTION
In this chapter, the two basic Greek numeral systems, the
Attic and the alphabetic, shall be surveyed.
The Greeks provide some rather startling contrasts to the
rest of the Near East. Mathematics takes a different course in
this culture than it has in the others that have been noted. The
Greeks were the first to approach mathematics axiomatically , In
considering the second purpose of this paper the writer notes that
the important interrelationships of the Greeks with the Hebrews
fall after the end of the Old Testament period and thus very close
to the end of the period which has been chosen for study. In
spite of this lateness, the study of the Greek number system is
important because the Greeks are one of the few peoples who
adopted an alphabetic system similar to that of the Hebrews. A
decision has been made to confine this study of the Greek number
systems primarily to developments on mainland Greece and in Greek
controlled Asia Minor. The achievements of Greeks in Asia during
the Seleucid period are either unknown or not significant enough
to warrant treatment. Certain Greeks, such as Archimedes and
those who settled in Alexandria, will be included. While dis
cussing Greek developments, one must constantly keep in mind the
extremely close ties of the Greeks with their Minoan, Phoenician,
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Egyptian and Babylonian backgrounds. The Greeks owed a tremendous
debt to these preceding peoples for what they loaned to them.
Due to the different nature of Greek mathematics an intro
ductory section shall be devoted to a survey of some basic aspects
in which the Greeks differed from other Near Eastern peoples in
their approach to mathematics. Following this discussion the
writer shall return to the normal study of the numeral systems
themselves, discovering that they are both base ten. The two
scripts shall be described including the writing of fractions and
the problem of whether the transition from the ciphered to the
alphabetic was advantageous. The expected discussion of the
primary and secondary operations follows. After mentioning the
use of zero, omitting the negatives which the Greeks did not use,
and surveying their approach to fractions and irrationals, it has
been necessary to add a discussion of the extensive work the
Greeks did in the elementary theory of numbers. This latter
material is an aid in understanding something of their mystical
approach to numbers. Special attention is also devoted to the
irrational number �i.
The Greeks are among the most comprehensively studied of
ancient peoples. More information is available concerning their
accomplishments than any of the other peoples that have been
studied. The standard histories of mathematics contain essen
tially reliable information, even if older. The most outstanding
of these is Sir Thomas L. Heath's two volume usork.
The materials used in this chapter have been critically
derived from the standard sources mentioned in the preceding
paragraph. The especially important ones other than Heath are
2 3 li
those of Florian Cajori , Eric Temple Bell , and Tobias Dantzig
II. THE GREEKS CONTRASTED WITH OTHER ORIENTALS
The first traces of Greek mathematics are difficult to
discern. Scholars do not agree concerning what is myth and what
is fact. Thales is the first mathematician prominent enough to
be mentioned by name in Greek literature, but exactly what his
achievements were is an unknown entity. Some scholars have
attributed to him the beginnings of the significant transition
from the mere accumulation of numerous examples of similar prob
lems as the Egyptians and Babylonians did, to proving a general
case that is applicable in many individual situations. The use
of deduction is certainly one of the greatest contributions that
the Greeks made to mathematics. While one could wish that they
Thomas L. Heath, A History of Greek Hathematics (Oxford
The Clarendon Press, 1960,""Reprint of edition of 1921), 2 vols.
2
Florian Cajori, A History of Mathematical Notations
(Chicago; The Open Court Publishing CDmpan'y7~19287.
^
Eric Temple Bell, The Development of Mathematics (New
York: McGraw Hill Book Company, 1945).
^
Tobias Dantzig, Number: The Language of Science (New
York: The Macmillan Company, 1554).
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had not excluded induction, this can never take auay from their
great contribution.
Even though Thales' contribution may be a mooted question,
few scholars doubt that by the time of Pythagoras deduction was a
5
common procedure. Buyer says that both the Pythagoreans and
Plato were aware that the
,,, conclusions they reached deductively agreed to a re
markable extent with the results of observation and infer
ence. Unable to account otherwise for this agreement, they
were led to regard mathematics as the study of the ultimate,
external reality, immanent in nature and the universe, rather
than a branch of logic or tool of science and technology. ^
Such concepts as these laid the foundation for the Pythagorean
attempt to build a universe out of material points which were
7
equated with the concept "number." This led eventually to the
identification of the geometric solids with substances or enti
ties in nature. This philosophical bent of mind, in which the
Greeks participated, has led to a concensus that the Greeks took
the empirical knowledge of the Egyptians and Babylonians, perhaps
mediated by the Phoenicians, and made these facts into the
beautiful system that they developed. However, if this is the
case, there is an interesting phenomenon, or dilemma, to be noted.
In spite of the supposed early accomplishments of the
Carl B. Boyer, The History of the Calculus and Its
Conceptual Development (New York: Dover Publications, n,d,.
Reprint of original edition of 1939), p. 1,
^
Ibid. Ibid., p, 17.
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Greek philosophers, their achievements must surely have been the
province of only a select feu, for Herodotus records an amazingly
primitive means of counting on the occasion when Darius ordered a
group of lonians to guard a floating bridge at the Ister. He
wished them to guard it for a certain length of time and recorded
the time in the following manner:
He tied sixty knots in a thong, saying: 'Men of Ionia, do
keep this thong and do as I shall say: so soon as ye shall
have seen me go forward against the Scythians, from that
time begin and untie a knot each day; and if within this
time I am not here, and ye find that the days marked by the
knots have passed by, then sail away to your own lands,' ^
While this incident occurs early, it still shows that at a time
near when they are supposed to have made great discoveries, they
still had a very primitive concept of counting. It seems that
such bits of information as this would put a bound on the time
when there seems to be extensive interchange with the rest of the
Near East. Either that or else it places a bound on the time of
flowering of the Greek intellect and the extension of education
to the common man,
A second dilemma is the problem of uhat happened to Baby
lonian algebra. Bell sums up this problem by pointing out that if
... the early Greeks uere cognizant of Babylonian algebra,
they made no attempt to develop or even to use it, and thereby
they stand convicted of the supreme stupidity in the history
of mathem.atics. But it is commonly agreed that the early
Francis William Rolt-Wheeler (ed.). The Science-History
�^ the Universe (New York: The Current Literature Publishing
Company, 1909), p. 2.
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Greek mathematicians and philosophers were among the most
intelligent human beings that ever lived, ^
The dilemma is really not as unfortunate as this statement may
make it seem. The fact remains that the Greeks with their philo
sophical bent, combined uith the attitude of some of the philos
ophers like Plato that practical mathematics, which Euclid called
}^ oy L(r z I /< q ^ should be left to boys and slaves, daliberately
turned from the practical algebra of the Babylonians to a geo-
metrical algebra, which Euclid called oy <; a'^ , of their own
developing,"^^ They made some contribution to the continuing
development of algebra, but were greatly restricted from what
they might have done if they had not been encumbered by the
tedious nature of algebra tied to a geometrical situation. It is
a tragedy that they never realized that in algebra was an oppor
tunity for more abstract mathematics than they were able to
achieve in the geometries. Interestingly enough, the Greeks
made one of the most familiar abstractions of algebra in their
geometry. They designated points, lines and planes by letters, a
technique that has been traced to Hippocrates of Chios (c. 440
B. C), but never understood that letters could also be used to
generalize numbers, because they used the letters for specific
Bell, o�. cit^, , p, 39,
U. {J. Rouse Ball, A Short Account of the History of
Mathematics (New York: Dover Publications, 1960, Reprint of the
fourth edition of 1908), p. 57.
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numbers,
A third major difference betueen the Greeks and other
Near Eastern cultures is the amount of interest they expressed in
the infinite and the infinitely divisible. The paradoxes of Zeno
of Elea in the fifth century posed the problem, which was finally
met to the satisfaction of the Greeks by the efforts of Plato and
Aristotle, and to some extent by Archimedes on a more practical
level. The efforts of these philosophers laid the foundation for
a reasonable theory of irrational numbers, which shall be dis
cussed shortly,
A fourth point of interest is that there was a second
period of Babylonian influence on the Greeks following the Alex
andrian conquests. In the third century B. C. the Babylonian's
astronomical progress reached a peak, at about the time that
Alexander invaded. The Greeks subsequently adopted and in some
cases perfected the techniques of the Babylonians, These four
things draw one to the conclusion that mathematics took quite a
different turn in the hands of the Greeks,
III. THE NUMERAL SYSTEMS
The Base
Turning now to the actual numerical systems of the Greeks,
one would note that the bases of both of them are ten, as is the
Cajori, o�. cit. , p, U2D,
130
case uith all the other systems except the Sumerian and Babylonian
base sixty systems. The Greeks themselves speculated concerning
the reason they used ten for the base, Aristotle is famous for
asking the significant question as to whether the real reason is
not that man has ten fingers. He does not answer his question,
but one would still be willing to say yes, as he probably did.
Some scholars mention a trace of the possible use of five for a
base. Homer is said to have used f\ ^ yu. -n^^C^ecv Tqt "to count" in
12
one instance. Counting by fives is still related to the hands
and may only be an intermediate step to counting by tens. At
least, if five was ever a base, it disappeared.
Numeral Scripts
Attic. There were two basic systems of numeration used at
various times by the Greeks. The older of the two systems is
called Attic because it occurs often in inscriptions from the
area of Athens, or Herodianic after Herodianus, a Byzantine gram
marian who lived sometime near 200 A. D. and described these
13
numerals for posterity. The Attic symbols uere used at least as
early as the time of Solon and perhaps for some time before him.
Ik
Some scholars claim that they were used as early as 750 B. C.
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Even this date does not seem too early in the light of the resem
blance of these numerals to the type system used by the Mycenaeans.
The numerals occur at Athens as late as 95 B.C., but by this time
15
had fallen into disuse for the most part.
The system finds its earliest roots in the simple counting
techniques mentioned in the rope knotting incident, or more
exactly in the procedure for tallying. It was used only for the
natural numbers.
'^^
The small numbers in early times uere pro
bably represented by an appropriate number of vertical strokes.
Ball cites an example of this:
Thus in an inscription from Tralles in Caria of the date
398 B. C. the phrase seventh year is represented by ^r�-os
1111111. These strokes may have been mere marks; or per
haps they originally represented fingers, since in the
Egyptian hieroglyphics the symbols for the numbers 1, 2,
3, are one, two, and three fingers respectively, though
in the later hieratic writing these symbols had been re
duced to straight lines, 1*^
The Attic system was in use long before the time of this inscrip
tion, so it is thus an archaism, or the inscriber was relatively
ignorant. The former is perhaps more likely because there is
often a conservative tendency in formal inscriptions, more than
in everyday writing. Whatever the case, the inscription is
Ulilliam Thompson Sedgewick and H. hJ. Tyler, A^ Short
History of Science (New York: The Macmillan Company, 1939), p,41.
Heath, d�, cit. , p, 30.
17
Ball, 0�. cit. , p. 126.
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probably representativE of an early state of affairs. From the
early use of sti'okes there evolved some simplifying symbols for
the numbers, based on the first letters of the words for the
numbers. The first of these was the symbol TT- or P from AGvr^-
IS c ^
meaning five. Then others were added: A from oeKc^ for ten,
He /from iqKdtov meaning one hundred, X ^'rom X'^v'^^s for one
thousand and M from ^uu/Los for ten thousand. Ball also con
curs that this is the way the number system evolved, for he men
tions that lamblichus asserted that the Greeks counted in an
20
early stage in a manner very similar to that of the Egyptians,
Often scholars state that the Greeks placed a prime mark or
accent mark beside the letter to indicate that it represented a
number, but if this was done it would have to be in early times,
for at a later time, at least after 300 B. C, the prime or ac-"
cent mark meant a fraction and a bar over the letter indicated
21
that it was a number. Up to this point there were only two
properties used in the number system: repetition of symbols and
the additive property, Numbers were formed by the repetition of
the appropriate number symbols, just as in the Egyptian system.
0ystein Ore, Number Theory and Its History (New York;
McGraw-Hill Book Company, 1948), p, 11.
Ibid,
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Ball, loc. cit.
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David Eugene Smith and Jekuthiel Ginsburg, Numbers and
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At some later date, certainly before 500 B, C, more symbols were
added to the system using the multiplicative property. The sys
tem became a little more complicated, but the individual numbers
abbreviated. The new symbols were these: = 5 x 10 = 50, fw
= 5 X 100 = 500, n = 5 X 1000 = 5000 and = 5 x 10,000 for
50,000.^^
In the simple grouping system that was thus constructed it
is apparent that one would only need to be able to count and know
how many symbols of a kind it took to make the next larger symbol,
in order to add or subtract, as in the Egyptian system. To
multiply, one would only need to know the result of multiplying
each symbol by another, and the distributive property. That this
is not too difficult for the mentality of that day is demonstrated
by the fact that they did this very type of thing in developing
their new symbols to abbreviate their numbers.
There is also fragmentary evidence, on a vase that dates
from about 500 B. C, that the early Greeks used some special
symbols for fractions in connection with measurements; in this
case talents.^'' ^ represents one pbol which is some fraction
of a talent, K represents one-half obol and T represents one-
fourth of an obol. These successive halves again resemble the
Jack D. Wilson, Elementary Mathematics: A Modern
Approach (iMew York: McGraw-Hill Book Company, 1967), p. 46,
23
Smith and Ginsburg, op. cit, . p. 13,
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Egyptian handling of fractions. There is very little evidence as
to the accomplishments of the Greeks with this early number
system. Most of the accomplishments that interest the modern
involve the second of the number systems which was in use during
the flowering of the Greek intellect,
Ionic, The second number script used by the Greeks, was
alphabetic in nature. It seems to be an evidence of closer ties
uith Phoenicia as the older was evidence of ties with Egypt, The
Phoenicians are noted for their development of the alphabet. The
Greeks at some unknown date adopted the names for the letters,
grafting the system to their oun symbols and giving some of the
Semitic gutterals vowel meaning instead of consonantal. At some
time, presumably subsequent to adopting the alphabet, the Greeks
began to use their alphabet for number symbols as uell. The
transition from the Attic to the Ionic numerals was begun before
500 B. C, certainly before 450 B. C.^^ Clara de Milt describes
the spread of the neu system over the Greek speaking world in the
following manner:
The spread of the Ionian notation over the Greek world
of the Mediterranean Basin was slow. It was officially
adopted at Alexandria by Ptolemy II, Philadelphus. The
letter numerals were used most advantageously in inscrip
tions and on coins when the custom arose of writing on coins
and monuments the year of the reign of the ruler at the time.
The Ionian alphabetic numerals have been found on coins
which have been assigned the date 2S6 B. C. The period
immediately following the adoption of this notation was
Sedgewick and Tyler, loc. cit.
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the golden age of Greek mathematics, the age of Archimedes
and Apollonius. The alphabetic numerals were introduced
in Athens sometime before 50 B, C, and by 50 A. D. they
were in official use,^^
This is a charitable vieu of the value of the new system and a
conservative set of dates as to the earliness of the introduction
of the system. There is some evidence that the system uas taught
26
in the classroom.
Scholars disagree concerning whether the change was for
the better or for the worse. The majority seem to feel that it
was for the worse, because even though there was a significant
gain in the compactness with which a number could be written,
which is the reason why it was popular on coins, there was a
great loss in ease of operation. One notable exception is
de Milt as evidenced by the preceding quote. She feels that the
Ionian system was the most satisfactory system of numeration
27
of the ancient world," She also claims that it was derivative
from the Egyptian demotic system, which it was not, and that it
28
provided a foundation for the Hindu system, which it did not.
There is nothing notable in common with either of these systems.
With the introduction, of this system there were twenty-seven
Clara de Milt, "The Origins of Our Numeral Notation,"
School Science and Mathematics, XLUII (November, 1947), p. 703.
Dirk J. Struik, A Concise History of Mathematics (New
York: Dover Publications, 1948, Second revised edition), p. 79.
^"^
de Milt, 0�, cit,. p. 702. Ibid.
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symbols to learn instead of the five basic and four compound sym
bols of the Attic system. The really important loss, however,
was that which resulted from the transition from a simple group
ing system to one in which it was almost impossible to perform
the operations without a mechanical aid. With the adoption of
this system, numbers were consigned mainly to the task of recor
ding the results, as was typical in the ancient world. They
moved away from the Egyptian achievement of using the symbols
themselves to compute.
The following table represents the most commonly accepted
manner in which the Greeks used their alphabet to represent numbers:
1 alpha 10 L iota C 100 rho 1000
2 /3 beta 20 K kappa 200 cr sigma 2000
^ y gamma 30 > lambda 300 T tau 3000
k 6 delta 40 mu 400 U upsilon 4000
5 � epsilon 50 V nu 500 0 phi 5000
6 F digamma 60 xi 600 X Chi 6000
7 ? zeta 70 O omicron 700 psi 7000
6 y eta 80 pi . 800 to omega 8000
9 6 theta 90 9 koppa 900 sampi 9000
The Greeks borrowed the H of the Attic system for ten thousand,
and with the preceding symbols could write any numbers up to
19,999 using only the additive principle. They extended the sys
tem by using M multiplicatively with other letters. A letter
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placed before, over or below the M indicated that the letter was
to be multiplied by ten thousand. This allowed them to write any
number up to 99,999,999,999. No examples of such large numbers
have been found, at least in this form. Beside this technique,
they occasionally wrote large numerals with two dots rather than
29
M. Archimedes devised a system for writing numbers even lar
ger than this system allows, but his was not a symbolical system.
There is no unanimity concerning the manner in which the
Greeks used the prime or accent mark with numbers. The Greeks
apparently used it a variety of ways. For example, Dantzig says
that the prime was used with every number to indicate that it was
a number, When the mark was used to indicate lOOD it was placed
to the left and below the letter. Thus, oc represented 1000, ^/^
represented 2000 and y represented 10,000 rather than the M
already discussed,""^ The accent used to indicate that a letter
was a number was sometimes raised to the left or attached to the
letter.
"^^
On the other hand, Cajori says that the accent usually
represented a unit fraction, a carry-over from the Egyptian sys-
tem, and thus, p represented one-half, y represented one-third
r ' 32
and 0 represented one-fourth. He continues,
Greek writers did not confine themselves to unit-fractions
pq 30
Heath, ��. cit. , p. 40. Dantzig, o�. cit., p, 22.
31 32
Heath, o�, cit, , p. 36, Cajori, oo. cit. , p. 6,
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as closely as did the Egyptians. Unit-fractions were de
signated by simply writing the denominator uith a double
accent. Thus, ^i/S"=. 1/112. Other fractions were usually
indicated by writing the numerator once with. an accent and
tha denominator twice with a double accent. Thus, ^ C''^"' "-Vck"
= 17/21. As with the Egyptians, unit-fractions in juxta
position are to be added.
Smith and Ginsburg agree with Cajori's analysis of the situation."^^
One must keep in mind, however, that the most common way of writ-
35
ing fractions was always with words.
During any particular period of Greek history, it is a
mooted question whether the Greeks counted using the words alpha,
beta and gamma or the words en, duo and tri. They differed from
English speaking peoples in having different words for the symbols
which they used to write numbers and the numbers themselves. Dne
term does both for us. In the early days of the Attic system it
is fairly certain that they counted with the words en, duo and tri,
but after the adoption of the Ionic system there is some doubt.
The Primary Operations
The operations have already been mentioned in connection
uith the scripts, but the discussion can be extended. The Greeks
most certainly could add, subtract and multiply, in the time when
the Attic system prevailed, with the script itself. Uith the
transition to the Ionic system they no longer could operate with
the numerals, but presumably used the common Near Eastern pro-
33 34
Ibid, pp. 26-7. Smith and Ginsburg, ��. cit. , p, 34.
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Cajori, loc. cit.
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cedure of computing with the abacus. There is some evidence that
36
they learned multiplication tables with the Ionian system. Heath
also thinks that the Greeks arranged ones, tens and hundreds in
columns when computing, presumably under the influence of the
37
abacus. With the adoption of the Ionic system, division became
possible because it could bo done, though with difficulty, on the
3S
abacus. There is no evidence of the manner in which they divi
ded without the aid of the abacus until the time of Theon, who
used a technique very similar to the present long division in
39
connection with sexagesimal fractions.
Some interesting sidelights in connection with the develop
ment of the operations throw light on relations with other Near
Eastern peoples. Philip S, Jones claims that the "ancient"
UQ
Greeks used the method of duplation as the Egyptians did. This
would not be particularly surprising since the Attic system appears
to be a descendant of the Egyptian number systsm. If they ever
did use the duplation method, however, it certainly fell into
disuse in the later centuries of the Greek civilization. In
late times, certain talented Greeks such as Hero of Alexandria,
�^^
Heath, og, cit,, pp, 19 and 52.
"^"^
Ibid., p. 52.
Lancelot Hogben, Mathematics for the Million (New York:.
Norton and Company, 1937), p. 17.
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Heath, 0�. cit, , p, 39,
Philip S. Jones, "Analysis of an Ancient Method of
Computation," The Mathematics Teacher, XLUIII (December, 1955), 557,
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Theon and Eutocius used a technique of multiplication that
resembles the modern, and that is dependent upon the distribu-
41 42
tive property, which was proved by Euclid, The problem is
set up in a manner similar to the following:
cf i^D + 4
X }\ y X 30 + 3
-^V (30 X 40=1200 + (30x4=120)
^ ^ + (3x40=120) + (3x4=12)
c^'u ^/ IDDO + 400 + 50 + 2 = 1452
The use of the distributive property becomes more apparent if the
problem is expressed horizontally:
^/x>)/= (/^+/) (>i+x) = >^(>i+x) + cf(^ + /) =
44 X 33 = (40+4) (30+3) = 40(30+3) + 4(30+3) = 40x30 + 40x3
+ 4x30 + 4x3 = 1200 + 120 + 120 + 12 = 1452
Probably the abacus was used to aid in the addition near the end
even when performing the operation this way. This procedure of
operating in a problem necessitated the memorization of fairly
extensive multiplication tables. Apparently the Greeks did do
this. It must be kept in mind that only a few intelligent pro
fessional mathematicians multiplied this way, while the majority
of Greeks used the abacus.
Ball, o�. cit., p. 128.. Ibid., p. 58.
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The Secondary Operations
The Greeks Ufsre familiar with squares and cubes of num
bers. They were also familiar uith higher pouers of numbers,
perhaps the first people in the ancient uorld to recognize their
existence. Their handling of squares and cubes, houever, uas not
numerical in the sense one uould expect. They approached the
problem in tuo different uays, the first of uhich uas geomet
rical. They associated every number uith a length in the later
periods after 300 B, C,- Thus, a square number uas associated
uith a geometrically square figure. A cubic number uas similar
ly associated uith a three dimensional figure, the cube, uith
.edges the length of the original number. All operations uith
these numbers uere done uith the associated figures. Certain
attempts to solve the three famous problems of the Greeks, the
duplation of the cube, the trisection of the angle and the
squaring of the circle, led to equations involving square, cubic
and quartic. quantities. They became proficient enough uith these
quantities that they discovered the conic sections, and some
43
cubic and quartic curves. Archimedes attained sufficient
grasp of these numbers to the extent that he uas able to discover
2 2 2
the sum of certain geometrical series:. 3Ca +(2a) +...+ (na) ]
9 44
= (n+l)(na) + a(a-f-2a+- , .+na) , for example. Nicomachus, uho
Struik, o�, cit, , p, 45,
George Sarton, Introduction to; the History of Science I_
(Baltimore: The Williams and Wilkins Company, 1927), p, 169,
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lived shortly after the period of interest, discovered that the
".??cubic numbers are the sums of successive odd integers: 1 +
(3 + 5) + (7 + 9 + 11) + (13 +15 + 17 �+ 19) +.., = 1^ + E"' +
3 3 45 23 +4 +.,," The Pythagoreans discovered the formula m +
2 2 2 2C(m -l)/2] = C(m +l)/23, , each term of uhich is a member of a
Pythagorean triple for any odd integer "m," Plato is credited
uith the discovery of a second formula for finding the triples,
2 2 2 2 2
namely, (2m) + (m -1) = (m +1) uhere "m" can be either even
or odd.**^
The second manner in uhich the Greeks manipulated the
square and cubic numbers uas by a corresponding number of dots
arranged in the form of a square, or cube. The square numbers
... 1
* * '
uere '. =4, 111=9, ; l ' I = IS, and so forth, The manipu
lation of arrangements such as these probably led to the discovery
of such rules as that of Wicomachus,
" The Greeks also exhibited some familiarity uith square
roots and cube roots. They seem most often to have dealt uith
these in ansuer to the questions, "Uhat number squared equals
tuenty-f ivB?" or "What number cubed equals eight?" They also
solved certain quadratic equations involving square roots in a
geometrical fashion. Examples of this procedure come from as
Ibid., p. 253.
Houard Eves, An Introduction to ttie History of Mathe
matics (Neu York: Rinehart and Company, 1953), p. 60.
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early as the fifth century B, C, in which Hippocrates solvisd
2 2 47
the equivalent of x + 3/2 ax = a , Ide shall investigate
their accomplishments in this area more when ws discuss the ir
rationals, for the Greeks were the first people of record who
definitely proved that the square roots of the prime numbers
are irrational, Theodorus of Gyrene, a teacher of Plato, proved
48
this fact for the first few primes, at least up to seventeen.
He did not bother with two, so it seems probably that this was
proved before his time, Archimedes extended the handling of
square roots a little farther by divising rules for obtaining
49
approximations to them.
Other Evidences of an Expanding Number Concept
Zero, No evidence exists indicating that the Greeks needed
or used a symbol for zero before a fairly late date, Hipparchus
and other Greek astronomers of the last centuries B. C, and the
first centuries A, D. borrowed the Babylonian system of writing
astronomical data when they borrowed the information. They
apparently realized that there are some advantages to a place
value system, in spite of the large base, and thus adopted it for
Florian Cajori, A History of Mathematics (New York:
The Macmillan Company, 1926), p. 57,
48
Sarton, 0�, pit, , p. 92,
49 ,
Eric Temple Bell, Men of Mathematics (New York: Simon
and Schuster, 1937), p, 31,
use in astronomy, while retaining their normal base ten system in
other mathematical work. The Babylonian efforts in astronomy
reached their zenith in the last three centuries B, C, The par
ticipants in this accomplishment did use a symbol for an empty
column internally with numbers. The Greeks adopted this "zero"
along with the system and apparently used s small sized omicron
to express the zero. The Hindus apparently borrowed the Greek
symbol for their zero element rather than a figure resembling
the Babylonian symbol. That the Greeks did not naturally have
a zero in their system is shown by the dual sense in which they
used it when discussing the number one. Guthrie summarizes their
attitude toward one in the following manner:
The elements of numbers are, ultimately, the limited and the
unlimited, and secondarily the odd and the even and the unit.
In this scheme the unit was regarded as the starting-point
of the number series, but not as itself belonging to it, be
cause every actual number must be either odd or even and the
unit, curiously enough, was conceived as combining in itself
both oddness and evenness. The reason why the unit occupied
such an anomalous position in Greek thought is no doubt the
.fact that zero was unknown. Consequently, the unit-point
uas made to fulfill a double function, ,. .50
One may conclude, therefore, that zero was generally unknown until
the late period when it uas used only in astronomy.
Fractions, Turning to the progress that the Greeks made in
the area of the fractions and the operations with them, one notes
kl, H, C. Guthrie, A History of Greek Philosophy. J
(Cambridge, England: The University Press, 1962), p. 240.
two curious facts. The Greeks, generally, did not regard frac
tions as numbers, for there was really only one entity that was
truly a number to the Greek mentality, and that was the natural
number. Consequently, most of their treatment of what would be
called fractions, they discussed by considering the fraction in
the sense of the ratio of two natural numbers. They thought of
fractions as a comparison of two complete numbers. Of course,
the second characteristic of their method was the geometrical
situation with which discussions of numbers were usually associ
ated. They also considered equations of ratios, or what would be
called proportions. The Pythagoreans promoted the early study of
proportions, classifying, them into four different categories:.
The numbers a, b, c and d were said to be arithmetically pro
portional if a - b = c - d, geometrically proportional if a:b =
c:d, or as would be more familiar in this day, a/b = c/d, har
monically proportional ifa-b ::b-c = a:c, and musically pro
portional if a:l/2(a + b) = 2ab/(a + b)::b. This latter propor-
51
tion was probably borrowed from the Babylonians,
The Greek's study of proportionality led them to the verge
of the discovery of uhat is called the circular or trigonometric
functions. They discussed the determination, of the height of an
object in terms of a proportion involving its shadow in a manner
Cajori, A History of Elementary Mathematics, p, 30,
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52that hints at the standard tangent function, Hipparchus is
supposed to have calculated a "table of chords" in the second
century B. C,, a table roughly equivalent to a table of the sine
function. Menelaus is supposed to have done this in the first
53
century B. C, also.
The Pythagorean theory of proportions alloued only for
integral numbers to be compared, and made no allowance for
quantities that were incommensurable, With the discovery of the
irrationality of some quantities the theory of the Pythagoreans
uas seen to be inadequate, Eudoxus developed a more comprehen
sive definition of proportion, and the subsequent development
of this is summarized in Euclid's fifth book of his Elements,
This development opened the way for the fraction to be considered
a legitimate form of number. One must point out that the exis
tence of separate symbols for some numbers in the Egyptian sys
tem and in the early Greek system of counting implies that they
regarded these as numbers. Only with the development of the
Pythagorean philosophy uas the definition of number restricted,
only to be expanded again uith the new definition of Eudoxus. We
note also that Eudoxus changed the foundation of ratios from con
sidering ratios as definite whole numbers to defining ratios in
52
Raymond Walter Barnard, "Trigonometry," Encyclopedia
Britannica (Edition of 1963), XXII, 476.
53 5^
Ibid, Struik, o�. cit. , p. 53.
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terms of rules of operation. The definition which follows is
modern enough that it has been little changed to the present:
The first of four magnitudes is said to have the same ratio
to the second that the third has to the fourth when, any
whatever equimultiples of the first and third being taken,
and any other equimultiples of the second and fourth, the
multiple of the first is greater than, equal to, or less
than the multiple of the second according as the multiple
of the third is greater than, equal to, or less than the
multiple of the fourth. 56
A very similar rule for the definition of equality of rational
numbers is still used.
Irrational numbers. To this point, it has been seen that
the Greeks retained most of what had been discovered before them,
although in a vastly changed form, and for different purposes.
The really significant contributions which they made, however, are
in the realm of the proof of the incommensurability of certain
numbers, and in the handling of infinitesimal numbers by the
method of exhaustions. The first of these two major accomplish
ments was precipitated by the discovery that no ratio can express
the relationship between the side of a square and the diagonal of
the square. One commonly expresses the diagonal of a unit square
as aTz which leaves the feeling that the number can be manipulated
very easily. It is only when one is reminded that if one wishes
55
Benjamin Ginzburg, The Adventure of Science (fMew York:
Tudor Publishing Company, 1932), p. 17,
Bell, 0�. cit., p. 27.
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to dBcimalizB this numbsr, the dscimal uould never terminate,
that one begins to feel somsthing of tha impressiveness of the
Graek discovsry. Thsre is no ratio of tuo numbers that can Ex
press this rslationship, and the Greeks deserve all respect for
their proof of it. Supposedly, this discovery caused a great
scandal and shook the belief in ths perfect harmony of all ths
universe and the numbers that are supposed to represent it. At
this late datB, housvar, ons finds it difficult to say^ exactly
uhat kind of a disturbance thB discovery did cause. An examina
tion uill be made of uhat ths Greeks did uith their incommen-
surablBS or irrational numbers.
Just uho made the discovery of the first irrational number
is unknown. There sesms to be nearly universal agreement that
some one of thB Pythagoreans made the initial -discovery, perhaps
57
even Pythagoras himself, although that is rather speculative.
Actually the Gresks usrs abls to operate uith the irrational in
torms of gaomstrical linss uithout any great difficulty. The
problBm for them uas the representation of the numbsrs in their
58
discrets arithmBtic, This may partially Bxplain uhy the Grseks
developed their geometry so much more than their number theory
in earlier times.
Boyar, 0�. cit. , p. 19.
CO
Marshall Clagett, Greek SciancB in Antiquity^ (Neu York;
Abslard-Schuman, 1955), p. 57.
As was pointed out in the previous discussion of the ra
tional numbers, the discovery of the irrationals meant that the
old approach to numbers was inadequate, and that something new
had to be devised. Theatetus (d. 369 B, C.) was one of the leaders
in the development of the geometric approach to the irrationals,
and is assumed to be responsible for the content of Euclid's tenth
59book of the Elements. The epitome of the geometrical approaches
to incommensurables, especially quadratic irrationals and their
quadratic roots, appears to be propositions 22 to 117 of the
tenth book. In tbese propositions is a
... discussion of every possible variety of lines which can
be represBnted byVTa^VB, whera a and b denote commensurabls
linss. There ars twenty-five species of such lines, and
that Euclid could detect and classify them all is in the
opinion of so competent an authority as Nessslmann ths most
striking illustration of his gsnius.^I
Euclid was not participating in ths study of somsthing that was
irrelBvant to his purposes, for irrational Bxprsssions such as
those mentioned occur, for example, in the side of a regular
pentagon in the form \/lO - 2/5 r/2 where r is the radius of a
62
circumscribed circle, Max Dehn points out that Euclid did not
attempt to find rational approximations to the irrational quant-
59
Otto E. Neugebauer, "History of Mathematics," Ency
clopedia Britannica, XIV (Edition of 1965), 1103-4.
Struik, ��. cit. , p. 59. Ball, op. cit., p. 59.
Max Dehn, "Mathematics, 400 B. C. - 300 B. C. , " Amer
ican Mathematical Monthly, L (August-September, 1943), 414.
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ities, but was more interested in the algebraic relationships of
63
them, which is another step toward regarding them as numbers.
Concerning ths discovery of specific irrational numbers,
tradition says that Hippasus of Metapontum was the first to reveal
64
the irrationality of two to the world. As was mentioned pre
viously, Theodorus proved the roots of 3, 5, 5, 7, 8, 10, 11, 13,
14, 15 and 17 irrational. Even Plato advanced the theory of
irrationals by discovering that the sum of two irrationals might
65
also be irrational as well as rational.
Ulhile most mathematically inclined Greeks eventually ac
cepted the existence of irrational numbers, the search for rational
approximations to them did not cease. One technique used to obtain
approximations was the following: The number two can be expressed
as the ratio of two numbers, the second of which, or the denomina
tor of which, is a perfect square. The selection of a numerator
very close to a perfect square would thus give an approximation
to the irrational number. For example, 2 = 2/1 = 8/4 - 18/9 =
32/16 = 50/25 = 72/36 = 128/64 = 162/81 = 200/100 = 242/121 =
288/144 = 338/169 = 50/25 is very close to 49/25 = (7/5)^.
If 7/5 were taken as an approximation to the square root of two
Ibid,
Panos D, Bardis, "Symmetrical Consonance of Play,
Rhythm, and Harmony: an Essay on Plato's Mathematics," School
Science and Mathematics, LXIII (January, 1963), 60.
Ibid,
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it would be adequate for most purposes, for it is in error only
about one percent. The next better approximation would come
from 288/144 which is very close to 289/144 = (17/12)^. If 17/12
were taken as an approximation the error would be less than one
seventh of one percent. This was the approximation used by Theon
and this technique was probably the manner in which he obtained
66
it.
Another attempt to approximate irrational square roots and
the irrational number �i led to the discovery and development of
the famous method of exhaustions, which was a first step toward
control of infinitesimal numbers and a first step toward the
development of the calculus. In attempting to approximate pi,
Archimedes used a method that is best known. He reasoned that
if he drew a circle and then inscribed a square and circumscribed
a square, the circumference of the circle would be between the
perimeters of the two squares. He then reasoned that if he in
scribed a pentagon, its perimeter would be slightly more than
the perimeter of the square, but less than the circumference of
the circle. If he circumscribed a pentagon it would have a peri
meter smaller than the square, but larger than the circumference
of the circle. Thus, the circumference of the circle would still
be, between the perimeters of the pentagons, but the pentagons
uould give a closer approximation than the squares, Archimedes
Dantzig, 0�, cit, , p. 104,
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continued this reasoning and carried out the computations for
inscribing and circumscribing a polygon uith ninety-six sides.
This gave him a value for pi betueen 6336 / 2017 l/k and
14686 / 4673 1/2,. From these he computed that pi uas more than
3 10/71 and less than 3 1/7, the latter value still a commonly
used one.
Unfortunately, the estimate of pi that Archimedes gave
leaves us uith a bigger question than the one first stated by
this paper,. He needed many approximations for irrational num
bers in order to carry out the calculations he did in connection
uith his estimate of pi. He does not give an account of his pro
cedure, but rather summarizes results. Much speculation and time
has been expended in attempts to recover his method of approxi
mation. He gives us one clue in that he records an upper and
louer bound for all his irrational approximations, as he did for
6Q
pi.
Many modern scholars believe that he preceded in something
2
similar to the following manner: If a + b is a uhole number
uhich is not a square, then a + b/2a >'ya + b >a + b/(2a+l).
Repeated use of this equation supposedly leads to the result that
69
Archimedes obtained.
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Florian Cajori outlines a second method that Archimedes
may have used to find his upper limit for pi as 3 1/7.
He [Archimedes] proves first that the circular area is
equal to that of a right triangle having the length of the
circumference for its base and the radius for its altitude.
To find this base is the next task. He first finds the up
per limit for the ratio of the circumference to the diam
eter. After constructing an equilateral triangle with its
vertex at the centre of the circle and its base tangent to
the circle, he bisects the angle at the center and deter
mines the ratio of the base to the altitude of one of the
resulting right triangles, taking the irrational square root
a little too small, IMext the central angle of this right
triangle is bisected and the ratio of its legs determined.
Then the central angle of the last right triangle is bi
sected and the ratio of its legs computed. This bisecting
and computing is carried on four times, the irrational
square roots being taken every time a little too small. The
ratio of the last tuo legs considered is > 4673 1/2 : 153.
But the shorter of the legs having this ratio is the side of
a regular circumscribed polygon. This leads him to the con
clusion that the ratio of the circumference to the diameter
is < 3 1/7. '�
The method of exhaustions, of which the preceding is an
example, was applied in a slightly different way in other geo
metrical situations. The essence of the theory is summarized in
the statement that,
...if from the greater of two unequal magnitudes there be
taken more than its half, and from the remainder more than
its half, and so on, there will at length remain a magnitude
less than the least of the proposed magnitudes,*^!
The point of this statement is that a given number may be approached
arbitrarily closely, always more closely than any suggested
boundary. This is ths foundation of the modern concept of the
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limit. This technique opened the way for the Greeks to rigor
ously treat the problems of the areas and volumes of the conic
sections and three dimensional figures, such as cones and spheres.
The method, of course, was extremely awkward and tedious. The
Greeks did not envision the potential the procedure had of going
on indefinitely. They always regarded it as stopping with a
72
residue smaller than any arbitrary amount.
Number theory. The Greeks made many forays into the area
of number theory, some of which are interesting, but beyond the
scope of this study, A few of their more simple, but significant
discoveries shall be surveyed, Ulorking, first of all, with the
natural numbers, they made several significant discoveries. They
are the first people of record to divide the natural numbers into
the categories of odd and even. They were aware of the oddness
or evenness of the product of odd times odd times odd, even times
73
even and even times odd. They knew that the sum of the series
74
of odd numbers from one to 2n + 1 is always a perfect square.
They were also cognizant of the fact that the sums of successive
even numbers produced the series, 2, S, 12, 20, 30,... and that
each of these latter numbers had two factors that were successive
72
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integers, for example, 6 = 2 x 3, 12 = 3 x 4, 2Q = 4 x 5, 30 =
c c 4. 755x6, etc.
A second catagorization of numbers uhich the Greeks used,
uas classification of numbers as prime or composite. Prime
numbers are those uhich have no factors other than one and the
number itself. Composite numbers are those uhich do have factors
other than one and the number itself. The follouing list de
scribes the classification and facts that the Greeks kneu about
the first feu numbers.
1 The Greeks did not consider one either prime or composite,
but the substance of uhich all other numbers uere formed.
2 Tuo is prime, is the first prime and is the only even
prims.
3 Three is the first odd prime.
k Four is the first composite number, having the factor tuo.
5 Five is prime,
6 Six is composite, having the factors tuo and three.
7 Seven is prime,
8 Eight is composite, having the factor tuo.
9 Nine is composite, having the factor three,
Eratosthenes is credited uith the discovery of a technique for
finding all the primes up to a certain finite number. First, he
found it necessary to urite all the natural numbers beginning
uith tuo up to the desired number. Then he proceded through the
75 Ti.-^Ibid.
156
table eliminating all the multiples of tuo, then three, then five,
and each successive prime. For example, all the primes can be
found through lOD in the follouing manner:
/ � 6) y � ^ 6) ^ ^4=^�^^^^
)^ @) # @ ^ ^ @^ ^^ ^(g) ^
^ @^ ^ M ^ @ ^ ^ ^^^[Hl^
gll^^>i*^^^|63 ^^^^^^^^
^ ^ ^^ ^ ^ ^ ^ ^"m^^
When one arrives at the prime number 53, one can see that no
other numbers uill be crossed out as any multiple of 53 uill
carry one beyond the extent of the table. Dne then completes
the process by indicating those numbers that uere not crossed out.
As is apparent from even a cursory glance at the table, the
primes cannot be predicted, for there is no pattern for finding
the next prime. About all one can say is that for any prime
greater than five, the last digit uill be one, three, seven or
nine. In spite of the inability to predict the next prime, it is
aluaya possible to find a prime greater than the last prime.
Suppose that "p" is assumed to be the last prime. If a neu num
ber "m" is formed by adding one to the product of all the primes
up to p, then m is a prime number. For example, suppose that
eleven uere the last prime. Then 2x3x5x7 x 11+1= 2311.
It could be verified that no prime number less than 2311 uill
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divide into 2311. Euclid uas able to establish a proof of this
7fi
fairly simple theorem about 300 B. C. Euclid's, approach uas
someuhat different from that outlined above. Ha used for the
first time uhat are called factorial numbers. For example, 71
means "seven, factorial" and is numerically equivalent to 1 x 2 x
3x4x5x6x7 = 5040*. Tobias Dantzig outlines Euclid's proof
as follous:
To prove that there is no greatest prime, Euclid shous
that if n is any prime number, then either the number
(nl + 1) is also prime, or else there are betueen n and
(nl + 1) other primes. Both cases are possible; tTTus uhen
n is 3 the corresponding Euclid number is 7, a prime num
ber; but uhen n is 7, nl is 5040, and the corresponding
Euclid number is 5041, a composite number, in fact a perfect
square, 71 x 71. Betueen 7 and (7i + 1) there is, there
fore, the prime number 71. To prove this in the general
case, Euclid proceeds essentially as follous: Tuo consecu
tive numbers can have no divisors in common; this is partic
ularly true of nl and (nl. + 1); if then the latter possesses
any prime divisors at all, these must be distinct from n or
any number preceding n. Either then the Euclid number
(nl + 1) contains a prime divisor greater than n, or else
the Euclid number itself is prime: in either case there are
primes greater than n.77
One can thus see that the Greeks developed a fairly significant
command of the meaning of prime or composite.
The next category for numbers popular uith the Greeks uas
uhat they called the perfect number. They defined a perfect num
ber as one uhich uas equal to the sum of its aliquot parts or
proper divisors, both of these terms meaning all the prime
divisors of the number less than the number itself, including the
Dantzig, 0�, cit., p. 46, ibid., p. 48.
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number one. If the sum of the proper divisors uas less than the
number itself, the number was said to be defective or deficient.
If the sum of the proper divisors uas greater than the number it
uas said to be excessive or superabundant. The natural numbers
tuo through tuelv'e uould be classified as follous.
Number Sum of the aliquot parts Classification
2 1 =1 Defective
3 1 =1 Defective
4 1+2 =3 Defective
5 1 =1 Defective
6 1+2+3=6 Perfect
7 1 Defective
8 1+2+4=7 Defective
9 1+3 =4 Defective
10 1+2+5=8 Defective
11 1 Defective
12 1+2+3+4+6= 16 Excessive
The first tuo perfect numbers, 6 and 28, uere knoun early, perhaps
by Pythagoras or his early follouers. The next tuo, 496 and 8128,
uere probably discovered by Nicomachus, for he is the first to
discuss them, Tobias Dantzig quotes from Nicomachus and then
discusses his vieu as follous:
We quote from his Arithmetics : "But it happens that, just
as the beautiful and the excellent are rare and easily counted,
but the ugly and the bad are prolific, so also the excessive
and defective numbers are found to be very many and in dis
order, and their xliscovery being unsystematic.. But the per
fect are both easily counted and draun up in a fitting order:
for only one is found in the units, 6; and only one in tha
tens, 28; and a third in the depth of the hundreds, 496; as
a fourth tha one on the border of the thousands, that is
short of the ten thousand, 8128, It is their uniform attri
bute to end in 6 or 8, and they are invariably even."
If Nicomachus meant to imply that there uas a perfect
number in every decimal class, he uas urong for the fifth
perfect number is 33,550,336. But his guess uas excellent
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in every other respect. While the impossibility of an odd
perfect was never proved, no example of such a number is
known. Furthermore, it is true that an even perfect must
end in either 6 or 8,^6
Euclid was able to prove that the number 2^'"^(2'^-l) was perfect
if 2^-1 was a prime number. The number p may be any positive
integer, but all positive integers do not yield primes of course.
The first fourteen perfect numbers are found with p = 2, 3, 5, 7,
7^}
13, 17, 19, 61, 1D7, 127, 257, 521, 607 and 1279.'^ This equa
tion is truly a significant accomplishment,
A fourth catagory into which the Greeks placed numbers was
what they called amicable or friendly numbers. They defined any
two numbers as friendly if the sum of the aliquot parts of each
equaled the other. One of the numbers, thus, had to be excessive
and the other defective, Pythagoras is supposed to have discovered
on
the pair 220 and 284,�"^ The next pair is 1184 and 1210, a third
pair 17,296 and 18,416, Modern computers have found four hun
dred more, all of which are extremely large.
A final catagory for numbers which the Greeks discussed is
uhat are called polygonal numbers. Square numbers have been men
tioned previously. They discussed, beside these, triangular
numbers such as **. = 3, = 6, -V,'. = 10 and discovered the
arithmetic progressions and the sums of the progressions that go
78
Ibid. , p, 45,
79
Ibid. , p. 46,
80
Eves, iD�. cit, , p. 55.
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with these numbers. The Pythagoreans discovered that the square
number of any rank, for example, is of rank three, ]:'.: is of
rank four, is equal to the triangular number of the same rank
added to the preceding triangular number. Thus a square num
ber of rank four is sixteen, which equals the triangular number
of rank four, which is ten, plus the triangular number of rank
three, which is six. Thus, 16 = 10 + 6. The most notable fact
is that they were aware that the sequence of the sum of the
series of positive integers gave triangular numbers, and that
the sequence of the sum of the series of odd numbers gave
square numbers, and that the sequence of the sums of the series
62of even integers gave rectangular numbers. Hypsicles, who
lived near 175 B. C. gave a foi^mal definition of polygonal num
bers.^''
The writing of large numbers. One other fascinating
advance was made by the Greeks that enlightens us concerning
their tremendous ability to refasan in spite of an awkward number
system, Archimedes wrote a short treatise on large numbers which
he called the Sandreckoner , after the proposal he made for a
fil
Dantzig, o�. cit., p. 41.
8?
John Burnet, Greek Philosophy : Thales to Plato^ (London;
Macmillan and Company, 1932), p. 53.
Leonard Eugene Dickson, History pf the Theory of
Numbers, II (New York;. G. E. Stechert and Company, 1934, A three
volume reprint of Carnegie Institute of Washington Publication
256, 1919-1923.), p. 1,
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system by which the number of grains of sand it would take to
fill the universe could be counted. The distance, from the center
of the earth to the center of the sun was the radius of the
sphere of the universe, Cecil B. Read summarizes Archimedes
procedure as follows:
Traditional names exist for numbers up to a myriad, or
10,000; we can therefore express numbers up to a myriad
myriads. He calls these numbers of the first order.
This includes numbers up to lO^,
Suppose the 10^ to be the unit of the second order,
then the second order will consist of numbers from that
unit up to (10^)2.
Take this as the unit of the third order, and let it
consist of the numbers from that unit up to (10^)3,
Following in this manner, we eventually reach the ID^th
order of numbers, which will end with the number
(108)100000000 tjhich may be called p.
In modern notation, numbers of the first order are those
up to 108, those of the second order are those from 10^
to (10Q)2 or 1D16, etc, those of the lO^th order end with
the number p = (10^)^�^.
Archimedes now supposes that the numbers just described
(from 1 to p) form the first period. If p be the unit of
the first order of the second period, this will consist of
numbers from p to 100,000,000p,
The second order of the second period has this last num
ber as its unit, and ends with (100,000,000)2 p. Going on
in this manner, eventually one reaches the 100,000,000 th
order of the second period, or (100,000,000)100,000,000 p,
or p2. 2
Taking p as the unit. of the first order of the third
period, it is possible to proceed until we reach the lO^th
order of the third period ending with p3. Continuation of
the process lets one eventually arrive at the lO^th order
8 10^
of the 10 th period or p . This is the number called by
Archimedes "a myriad myriad units of the myriad myriad-th
order of the myriad myriad-th period,"
The magnitude of the system is indicated if we consider
that the last number of the first period would... be repre
sented by 1 followed by 600,000,000 ciphers.
It is of interest to note that to express " the number
of the sand" Archimedes needs go no further than the eighth
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order of the first period.
Archimedes may have intended nothing but a curiosity, or some
thing to impress the impressionable, for he actually used the
standard Icnic script in his own scientific papers, which was
adequate for normal problems, He did, however, pose his
famous "cattle problem" where numbers of large size were neces
sary to the solution. Eves describes the problem thus:
It is a difficult indeterminate problem involving eight
integral unknowns connected by seven linear equations and
subjected to the two additional conditions that the sum of
a certain pair of the unknowns be a perfect square while the
sum of another certain pair be a triangular number. Without
the two additional conditions the smallest value of the un
knowns are numbers in the millions, and with the two addition
al conditions on of the unknowns must be a number of more
than 206,500 digits. 8^
The very posing of such a problem is rather an impressive accom
plishment for 250 B. C.
Revival of Egyptian influence. Before concluding the
discussion of the Greeks, one must note one other interesting
occurrence near the end of the period of interest. Heron of
Alexandria (circa 100-50 B. C.) exhibited a certain influence of
Egyptian mathematics in his revived use of unit fractions. This
concept was not foreign to the Greeks, but it had fallen into
disuse long before the time of Heron. He used unit fractions
�^
Cecil B. Read, "Archimedes and His Sandreckoner,"
School Science and Mathematics, LXI (February, 1961), 82-83.
^
Ball, 0�. cit,, p. 72. Eves, o�. cit., pp. 142-3,
especially in his approximations of irrationals, and thus ex-
pressed the square root of 63 as 7 + 1/2 + l/k + 1/8 + 1/16.
Beside this evidence, Cajori also mentions that.
Some of Heron's formulas point to an old Egyptian origin.
Thus, besides the... exact formula for the area of a
triangle in terms of its sides. Heron gives the formula
(Sj^ + ^2^/2 x b/2, uhich bears a strinking likeness to the
formula ^1 ^ ^2 x ^1 ^2 for finding the area of a quad-
2 2
rangle, found in the Edfu inscriptions. There are,..
points of resemblance betueen Heron's writings and the
ancient Ahmes papyrus,
Thus, even at the very end of Grecian pre-Christian history one
finds traces of Egyptian influence.
lU. CONCLUSION
In this chapter one of ths number systems uhich most
resembled the Hebreu number system has been surveyed and one
uhich scholars knou quite a bit about. It has been noted that
the Greeks used tuo different number systems, one resembling
the "Egyptian, the other alphabetic and mediated by the Phoeni
cians. In spite of the aukuardness of the alphabetic system,
the Greeks uere obviously the most accomplished computers of
the ancient uorld, although the Babylonians uere close behind.
The Greeks uere auars of all the elementary and secondary oper
ations, especially during the last centuries B. C, In an
^'^
Struik, 0�. cit., p. 73,
��
Cajori, d�. cit., p. kk
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introductory section and in connection with the other evidences
of an expanding number concept, some very basic differences
from other ancient peoples have been seen. The Greeks originated
and cherished the formal proof. They approached numerical prob
lems geometrically. They greatly advanced elementary number
theory, as has been noticed in connection with their classifi
cations of the natural numbers. Their two greatest contribu
tions were, a) an adequate theory and logical development of
the concept of irrational numbers, once they had accepted an
adequate definition of a number, and b) the development of the
theory or method of exhaustions. Their deep debt to the Baby
lonians and Egyptians has been noted, and the continuing traces
of Egyptian or Minoan influence has been specially emphasized,
A large debt of gratitude is due to the Greeks for taking the
fragmentary knowledge of the societies that existed before
them and organizing it into an intelligible structure.
CHAPTER UIII
THE ROMAN NUMBER SYSTEM
I. INTRODUCTION
For the sake of completeness, the last of the ancient
number systems that uas used in the Near East, namely the Roman
system, shall be considered. The period during uhich the Hebrews
uere in cultural contact uith the Roman system uas comparatively
both late and brief. As one can expect very little influence to
have been exerted upon the Hebreu number system by the Roman
system, therefore this treatment is brief.
Information about the Roman system is much more sparse
than uhat uas available for. some of the other systems. The
proposed outline for these studies has had to be abbreviated
extensively. Sufficient information is available to discuss
the base, the script to some extent, the operations, and the
use of fractions. Unfortunately, information is not available
beyond these feu facts.
As the previous paragraph implies, studies of the Roman
number system in depth are non-existent. Reliance has been
placed on secondary descriptive sources, uhich have been read and
used critically, A scholar versed in both mathematics and Latin
antiquities is needed to do a more extensive survey. There is,
of course, the possibility that little more uill be found because
little more than uhat is outlined here uas used.
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II. THE NUMBER SYSTEM
ThB Script
The origin of the Roman numeral system is largely specu
lative. Certain discoveriBS of Etruscan writings havs shed only
a minimum of light. Most opinions ars thus based on the internal
evidence that the numeral signs themselves provide. The Roman
system is clearly a base ten system uith simplifications intro
duced at multiples of five. The system seems dissimilar to any
othsr Naar Eastern system save that of ths early Greeks, and may
have dBVBloped more or less independently from the systems
prominent in the east.
Dne may be assured, uhatevar else may bs said, that the
Roman system is based on an Barly tally systsm, prssumably ussd
by ths Etruscan forBrunnsrs of ths Romans. Hogbsn attempts to
make a case for the Phoenician origin of the Roman numerals
traceable through the Etruscans."^ He claims that the ancient
Phoenician script was the basis for the Ionian Grsek and ths
Etruscan systsms, and uas a rathsr cumbsrsome affair. In order
to make the system Ibss cumbsrsome the Etruscans returned to one
2
hand counting and addsd symbols for five, fifty, and so forth.
Uhat sources he has for such claims he does not indicate. This
Lancelot Thomas Hogben, Mathematics for the Million
(Neu York: Norton and Company, 1937), p, kk,
^
Ibid,
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View has two flaws from the point of view that has been outlined
in preceding chapters. The first is that it seems more probable
that the early Greeks derived their system from the Mycenaean
Greek culture which in turn was dependent upon the Egyptians.
The second problem is that symbols for five, fifty and so forth
do not necessarily mean that the Etruscans counted by fives.
These symbols may represent simplifications that entered the
system at a later time.
Regardless of the conclusion one may arrive at from the
above discussion, there is no doubt that the Romans through all
their history used vertical marks for the first four numbers.
Probably they originally used up to nine marks for the first nine
numbers. The usual reconstruction of the evolution of the system
is that the tenth mark was drawn through the first nine. At some
later time the first eight were seen to be unnecessary, and only
two crossed lines were retained forming the X symbol used for
ten. The symbol for ten was then repeated the appropriate
number of times to represent twenty, thirty, forty and so forth.
After counting ten tens, it became desirable to have a new symbol
for 100. The initial letter of the Latin word for 100 was chosen,
which may indicate that this new symbol was introduced after the
rudiments of the Latin language had been developed. After these
3. Houston Banks, Elements of Mathematics (New York:
Allyn and Bacon, 1956), p. 14.
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first three symbols had developed, abbreviating symbols uere
desired for five and fifty, and half the symbols for ten and one
hundred uere chosen. This reconstruction presumes that L is half
the symbol C and has half the numerical value. ^
The above suggestions for the development of the Roman
system, of course, do not have universal approval. Other reasons
for the development of certain of the symbols have been suggested.
For example, some regard the vertical marks as primitive represen-
tations of the fingers, uith the symbol U representing the hand.
The symbol for ten is supposed to represent tuo hands placed apex
to apex, uith neither symbol being derivative from the other,
^
Those uho adhere to this suggestion uould be in sympathy uith
Hogben 's analysis of the development of the number system. This
system breaks doun uhen one considers the symbols for the larger
numbers.
Still another hypothesis has been suggested by Houard Eves
that has met uith some approval in scholarly circles. He says.
There is some evidence that the original symbols for 50,
100 and 1000 may have been the Greek aspirates x (chi),
B (theta). and ^ (phi). Older forms for chi uere ^ H
all of uhich uere used for 50 in early inscriptions. The
symbol 8 for 100 probably later developed into the someuhat
Floyd F. Helton, Introducing Mathematics (Neu York:
John Wiley and Sons, 1958), p. 18.
^
Cecil B. Read, "The Use of the History of Math as a
Teaching Tool," School Science and Mathematics, LXV (March, 1965),
212.
^
Ibid.
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similar symbol C, under the influence of the fact that C
is the initial letter of the Latin word centum (hundred).
A- commonly used early symbol for 1000 is cP , which could
be a variant of <J> . The symbol for 1000 became an M, under
the influence of the fact that M is the initial letter of.
the Latin word mi lie (thousand). Five hundred, being half
of 1000, was represented by p , which later became a D.7
Eves' explanation has the advantage of being consistent for all
the symbols, bringing all of them from a common source. The case
he makes would seem conclusive, but all do not agree with him.
In opposition to the above suggestions, Philip S. Oones
believes that the roots of the Roman system lie more exclusively
in the Etruscan system. He says,
In pre-Roman or Etruscan writing the symbol for 1000 was 8
which probably was derived from a similar symbol in the
Etruscan alphabet, but the nature of the connection between
the alphabet and Etruscan numbers is uncertain. ^
Jones also suggests that the symbol C/^ for 1000 may be derived
9
from the Etruscan symbol turned upon its side. He concludes
with still another suggestion that the Romans may have added
arcs to each side of the Greek x (chi) to distinguish its use as
1000 from its use as ten.^'^ This latter suggestion only serves
to weaken his own case for a more exclusively Etruscan origin of
^he symbols.
Howard Eves, An Introduction to the History pf Mathe
matics (New York: Rinehart and Company, 1953), p. 12.
^
Philip S. Jones, "'Large' Roman Numerals," The Mathe
matics Teacher, XLUII (March, 1954), 194.
^
Ibid.
^�
Ibid.
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One concludes approximately where one began with the exact
origin of the Roman numerals an undecided question. Older
scholars accepted the Etruscan origin of the symbols and attempted
to identify them with letters of the alphabet, while the more
recent trend is to trace these. same symbols to a Greek origin.
The Dperations
Very little is known about the Roman ability to perform
the elementary and secondary operations. Addition is, of course,
implicitly implied in the structure of the numerals, being the
only property used in ancient Rome. More information concerning
the use of the abacus is available in Roman times than during the
preceding periods. One must expect, therefore, that the Romans
used the numeral system primarily for recording the results of
computations done on the abacus. The Greeks were their teachers
so there is no need to expect them .to be much inferior to the
Greeks in ability to compute.
The use of the subtractive principle was primarily a de
velopment of the middle ages. The earliest occurance is unknown,
but probably was after 500 A. D. One can be assured that lU for
four and IX for nine were unknown in the ancient period.
There is no record of the multiplicative property being
used in the writing of the numerals. The Romans seldom recorded
Florian Cajori, A History of Mathematical fMotations
(Chicago: The Open Court Publishing Company, 1928), p. 30.
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large numbars; ^ystein Ore says,
For a long period the Romans did not have names or symbols
for groups above 100,000, There exists in Rome an inscrip
tion on the Columna Rostrata commemorating the victory over
Carthage at Mylae in the year 260 B. C, in uhich 31 symbols
for 100,000 uere repeated to signify 3, 100, 000.
The common procedure of using a line over the number to indicats
that it is to be multiplied by 1000 did not appear until the
fourth century A, D.^"' The symbols CClDO for 10,000 and
Ikfor 100,000 uere also used in uriting large numbers.
Roman Fractions
The Romans seem to have preferred fractions uith a denomi
nator of tuelve, as opposed to ten. Florian Cajori analyses the
situation in the follouing manner:
Ulhy duodecimals and not decimals? Doubtless because the
decimal division of ueights and measures seemed unnatural.
In everyday affairs the division of units into 2, 3, k, 6
equal parts is the commonest, and the duodecimal fractions
give easier expressions for these parts. In duodecimals
the above parts are 6/12, 4/12, 3/12, 2/12 of the uhole;
in decimals these parts are 5/10, 3 1/3 /lO, 2 1/2 /lO,
1 2/3 /10.15.
0ystein Ore, Number Theory and Its History (Neu York:
McGrau-Hill Book Company, 1948), p. 4.
13
Vera Sanford, "Roman Numerals," Jhe Mathematics Teacher,
XLIV (October, 1951), 403.
David Eugene Smith and Jekuthiel Ginsburg, Numbers and
Numerals (Neu York: Columbia University, 1937), p. 16.
Florian Cajori, A History of Elementary Mathematics
(Neu York: The Macmillan Company, 1930), p. 40.
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The Romans dealt uith concrete fractions as opposed to the Greek
method of ratios of uhole numbers. Each twelfth part had its oun
name."''^ Addition and subtraction of fractions uas made easy in a
manner similar to that of the Babylonians. 0ns needed only to
add or subtract numerators in order to accomplish the operation.
Examples of an abaci uith duodecimal columns and markers
17have been found. Ldith these the Romans uere apparently able to
accomplish simple problems in multiplication and division uith
18
fractions. Tables uere also used in connection uith the latter
19
tuo operations. Beyond this nothing can be said about the
Roman achievement in mathematics.
III. CONCLUSION
From the meager evidence presented here one can drau ths
follouing conclusions. The Romans had a base ten system uhich
derived its symbols from either the Greek or the Etruscan alpha
bet, uith the greater probability falling to the former. The
Romans appear to have been competent in the four basic opera
tions, but nothing can be said beyond that. They also appear to
have used fractions uith a common denominator and thus usre able
to operate uith the fractions as uell. The Romans appear to
have influenced the Hebreu number system not at all.
16
Ibid,
17
Ibid, , p, Sk,
18
Ibid,, p, 65,
19
Ibid,
CHAPTER IX
THE HEBREU NUMBER SYSTEM
I. IIMTRODUGTIDN
Dne of the two primary objectives governing the writing of
this thesis has been to survey as many number systems as possible
that were prevalent in the ancient Near East. The second primary
objective was to use this material, in combination with the
Biblical record, to outline the type number system the Hebrews
used. This chapter is devoted to a survey of the Hebrew number
system.
The customary pattern of organization has been followed,
uith a discussion of the base as the first element. The discus
sion of the script has been extended to include some information
about what numbers occur in the Old Testament. The elementary
operations follow. There is no available information concerning
the secondary operations, so this section is completely omitted.
There is no evidence that the Hebreus used either negative
numbers or irrational numbers, except for the number �i. Dis
cussion of other evidences of an expanding number concept has
been limited to fractions, zero and pi.
No study has ever been devoted exclusively to the Hebreu
number system from a mathematical viewpoint. Most Bible diction
ary articles on number are devoted to an analysis of the signifi
cant numbers in conveying religious ideas or meanings. This
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study, therefore, fills a neglected area.
The statements made in this chapter are based on an analyt
ical reading of Bible dictionary and encyclopedia articles on
"number" and an independent inductive study of the Old Testament
using the Masoretic Hebrew text of the Old Testament and the
American Standard Version of the English Bible.
II. A DESCRIPTION OF THE HEBREW NUMBER SYSTEM
The Base
The ancient Israelites used a base ten number system.
They were thus in accord uitti the majority of the peoples around
them. There is no evidence in the Old Testament that they used a
base sixty system like the Babylonians, even during the period
when they were under the direct influence of the Babylonians,
Certain English translations give the impression that residual
traces of base sixty exist by translating the number 13 ""J'K?^,
"eighty," as fourscore (Een, 16;16), Among translations operating
in such a manner are the King Oames Version and the American
Standard Version, These versions translate many numbers between
sixty and one hundred in this fashion, but are not utterly con
sistently following it as can be seen by comparing Genesis 4:24
with Genesis 50:3 where -Q ^^/Jlili is translated "seventy" in the
first case and "three score and ten" in the second. The impor
tant factors in these cases is the English background of the
translators and not the Hebrew text. Further evidence for ten as
the base of the Hebrew number system comes from the fact that
individual number names exist for the numbers through ten. To
form the number "eleven," however, the Hebrews resorted to the
phrase iViX (Gen. 32:22), which means "one ten" and is
usually translated "one and ten" or "eleven." A similar tech
nique is used for each successive multiple of ten, for example
thirty-one is expressed with the phrase inX7 (Joshua
IT �.� ;
12:24), which means "thirty and one."
The Script
No numbers in the Did Testament are written in symbolic
form, but rather all are written fully as words. Numbers occur
more than two thousand times in the Did Testament in this form.
Such usage was also common outside Scripture as evidenced by
the Siloam inscription, the Moabite stone and the Zinjirli
inscriptions."^
The writing of the numbers fully should not cause surprise,
for as has been noted in connection witti several of the major
number systems, especially the Babylonian, Egyptian and Greek,
the number symbols were used primarily to record the results of
computations performed with tables or an abacus. The recording
Eduard Honig, "Number," A Dictionary of the Bible, James
Hastings, ed. (New York: Charles Scribner's Sons, 19D8), 560-1.
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of numbers in unpointed Hebrew would be no more tedious than
recording the same number in the Egyptian system, especially if
the numbers involved large digits like eight or nine. For
example, the number eight hundred ninety-five in unpointed Hebrew
is JllN/9 DJ)9iiJ fnjAli) :^iy J] ] f lon (Oen. 5:17) which con
tains eighteen letters, while the same number in Egyptian is
c^^c^c^ c' /I /]/]/?/]/) II I// which contains twenty-two symbols.
Similarly, the number twenty-nine in Hebrew is tl"'~l 11/^7 J/HiJl
which contains nine letters while the same number in Egyptian
would be nn 111 1 1 1 IH which contains eleven symbols. Of course,
most numbers would be more brief in Egyptian, Little informa
tion exists about the way the Hebrews computed and recorded
business transactions between the times of Moses and Christ.
In the light of the Biblical evidence, it seems likely that for
a good part of that period the Hebrews wrote the numbers fully
as words.
The fact is well established that by Jesus' day the
Hebrews ware using an alphabetic system of symbols similar to
that of the Greeks. A pressing problem when studying the
Hebrew number system is the origin of the alphabetic procedure.
Oswald T. Allis says.
Since the Egyptians, Babylonians, and Aramaeans used
numeral signs, it is natural to conclude that the
Israelites did the same; and the ostraca found at
Samaria prove that such signs were ussd by them at
least as early as the 9th century. The use of the
letters of the alphabet by the Greeks to denote num
bers has led to the claim that this practice goes back
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to Old Testament times; and the attempt has often been made
to explain difficulties in numbers and dates by saying
that letters were confused which closely resembled one
another. This is of course possible. But there is no
direct evidence to show that this numerical use of the
alphabet was known to the Israelites. Consequently, the
fact that on the Ras Shamra tablets numbers are spelled
out just as in the present text of our Hebrew Bibles is
significant. Writing out the numbers would contribute
greatly to the accuracy of the text, 2
Thus, the claim is made that as early as the 9th century B. C,
the Hebrews were using abbreviating symbols for numbers. Such
symbols are not necessarily an alphabetic script, Konig
analyses the potential scripts that the Hebrews might have used
in the following manner:
[In the pre-Exilic period in Phoenicia] "ten" is indicated
by ^ or by a similar obliquely drawn and curved line
which evidently arose from O , the earlier form of \l ,
with which the word ^"DAf "ten" begins, ...Only the sign
Q for "ten" has been found up till now in the Zinjirli
inscriptions. ...The alphabetic method of abbreviating
the expression of numbers is what is employed in the later
Hebrew inscriptions and books. On those coins which are
with greatest probability dated from the Maccabean period
we find fully written numbers and also figures. ...But
this alphabetic method of indicating numbers need not
have been the only one employed by the Hebrews in the
course of centuries. They may have in earlier days
employed one of the lineo-acrostic systems which were in
use among their eastern or western neighbours, and may
have passed from this to the alphabetic method, just as
the Greeks and Syrians did, 3
From much the same point of view 3. de Fraine suggests that
numbers
^ Oswald T. Allis, The Five Books of Moses (Philadelphia:
Presbyterian and Reformed Publishing Company,, 1943), pp. 212-213,
^
Honig, o�. cit., PP. 561-562.
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...uere mostly uritten by conventional marks, as for
instance in cuneiform writing, where the digits up to 9
inclusive consisted of 1, 2, 3 and so-forth separate
strokes, the decades (ID, 2D, 3D etc.) by using a special
symbol one, two, three etc. times, the multiples of 60, by
still another special symbol, and so forth. This was the
method used in Aramaic documents during the Persian period,
as can be seen from the Elephantine Papyri, written by Jews
in Egypt at the end of the 5th century B. C, (in which,
however, a purely decimal system is used), 4
These claims push the boundaries of the introduction of the
alphabet for the expression of numbers back to the second century
B. C, As was pointed out in the discussion of the Greek number
system, the Greeks adopted the alphabet for numerical use some
time prior to the fourth century B. C. Perhaps the Hebrews
adopted the system at nearly the same time. Thus, the conclu
sion seems probable that sometime during the period from the
ninth through the fifth centuries B. C. the Hebrews adopted the
alphabet for writing numerals.
The original Hebrew alphabet was adequate to allow the
writing of numerals through four hundred;
' Aleph through Teth
were used for one through nine; Yod through Bade were used for
ten through ninety; Qoph through Taw were used for one hundred
through four hundred. Using the additive principle the Hebrews
could write numbers through four hundred ninety-nine with these
letters. This, however was not the limit for writing numbers.
In the Hebrew forms, at first, the hundreds from 500 to
^
3. de Fraine, "IMumber," Encyclopedic Dictionary of the
Bible (New'York: McGraw-Hill Book Company, 1963), 1650.
800 uere represBnted by juxtaposition of the sign for
4D0 and a second number sign. Thus, p J) stood for 500,
"^J) for 600, iiiJ) for 700, J) J] for 800.5
The additivB principla is still ths ruling ons in thBss numbers,
J, de Frains suggests that this tschnique prsdatss the fixing of
the HebrBU text, which is still disputed, and does not supply an
absolute dats.^ At some tims later, after the final forms of
five of the Hsbrew Istters wars stabilized, thess ware used to
�7
complote the numbsr system through nins hundrsd. In ths writing
of numsrals gBnsrally the larger number stood first, thus X
represented eleven and XDJH represented four hundred twenty-
one. The introduction of numeral signs enabling the writing of
numbers through nine hundred ninety-nine probably was sufficient
for every day transactions. Some scholars suggest that ' Aleph
was used again for one thousand in a form like N or X ,
Biblical numbers written fully as words display little
BvidBncB for discovsring the origins of the Hebrew number
system. From beginning to end, ths number systam of tha Old
Tastamant is in a fixed form, and was apparsntly complsted
befors it was ussd to rocord numbers. It is not apparsnt
Florian Cajori, A History of Mathsmatical Notations
(Chicago: The Open Court Publishing Company, 1928), p. 19.
c 7
de Frains, loc. cit. Cajori, loc. cit.
�
J. MuehlsisBn Arnold, "Numbsring, Numbers," Fairbairn's
Imperial Standard Bible Encyclopedia, Reprint of edition of 1891
(Grand Rapids, Michigan: Zondervan Publishing House, 1957), 34.
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whether the system was borrowed in its completed form from
another people or whether the system developed from crude
origins among the Hebrews themselves. The Hebrews may have
originally counted "one, two, many," as certain other ancients
did. Some scholars have suggested that the "dual" is a remainder
of such a counting method,^ The word "many," occurs
numerous times in Scripture as an indeterminate number (Micah
4:2, 3, 5, 7, a, Hab, 2:8, Zech, 2:11, etc,) and is occasionally
elaborated by such explanations as D ''Tl ^inp, "as the sands
of the sea" (Hos. 1:10).
The Old Testament contains numbers both great and small.
Every Old Testament book contains numbers, with the wisdom
literature (Psalms, Proverbs, Job) containing the fewest numbers
per chapter and the book of Numbers containing the most. All the
cardinal numbers through twenty occur in the Old Testament as
well as all the ordinals except sixteenth, eighteenth and nine-
-teenth. Beginning with eleven no independent ordinal numbers
exist, but the cardinals are used ordinally. The largest number
used in this sense is 601. Ordinals seem to be more numerous in
the book of Nehemiah than any other. Returning to the cardinals,
every multiple of ten through two hundred occurs except for 170
and 190, Every multiple of a hundred through a thousand occurs
^
Dirk J, Struik, A Concise History of Mathematics (Second
revised edition; New York? Dover Publications, 1948), p, 3,
except 700 and 900. Exceptionally large numbers that occur
include "i^Jl"] ^^Ht which is translated "to thousands of ten
thousands" (Gen. 24:60), 603,550 (Ex. 38:26 and Num. 1:46; 2:32),
600,000 (Ex. 12:37 and Num. 11:21), 601,703 (Num. 26:51), 800,000
and 500,000 (II Sam. 24:9), 1,100,000 and 470,000 (I Chr. 21:5),
''^11 Tl ""5 /X ^^^.\; which is translated "thousands of
thousands ... ten thousand times ten thousand" (Dan, 7:10), and
7i>! which is a "thousand thousands" (II Chr. 14:9).
The Hebrews used numbers in both an exact and. an approxi
mate sense. Some numbers may have a "... conventionally recog
nized broader value. Thus, "two,' like the colloquial use of
'a couple' in English, can signify 'a few' (Nm 9,22; Os 6,2;
Dt 32,30) ,,,," In the books of Exodus and Numbers the census
counts are obviously rounded to the nearest thousand, or in a
case or two, the nearest five hundred. Still a further indica
tion of approximate usage is the word "about" before a number,
uhich clearly indicates the author's approximate intention,
Anothar example of a probable approximate number is the clause
"five shall chase a hundred" (Lev, 26:8),
. Two other claims have been made that may be noted in
passing. Dickson suggests that, "The early Hebrews considered
6 to be g perfect number." He says the foundation for this
�^^
de Fraine, loc. cit,
�'�^
Leonard Eugene Dickson, History o_f the Theory of Num
bers, I (New York: G. E. Stechert and Company, 1934, Reprint), p. 3.
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claim is found in II Kings 13:19 where it is stated that,
The man of God was wroth with him, and said, thou shouldst
have smitten five or six times: then hadst thou smitten
Syria till thou hadst consumed it; whereas now thou shalt
smite Syria but thrice.
As was previously demonstrated, the Greek concept of a perfect
number was that the number was equal to the sum of its aliquot
parts. For example, 6=1+2+3.. The very best that can be
argued from this passage is a sense of "completeness," which
would not necessarily imply the mathematical sense of "perfec
tion." In contrast to the above contention, Arnold says, "The
common symbolical meaning of this number [six] seems to be,
incompleteness, imperfection, the falling short of the repose
12
and bliss of the divine sabatism." Thus, it seems unlikely
that the passage under consideration carries any mathematical
sense of a perfect number. The second claim concerns amicable
numbers. Tobias Dantzig says, "... certain passages of the
Bible seem to indicate that the Hebrews attached a good omen to
13
such numbers," Amicable numbers are those pairs of numbers
whose aliquot parts other than the number itself, sum to the
other member of the pair. The first three pairs are 220 and 284,
1184 and 1210, and 17,296 and 18,416. Of these numbers, 220
occurs in Ezra 8:20 where it is used to record the number of
12
Arnold, 0�, cit, , p. 37,
Tobias Dantzig, Number ; the Language of Science (New
York: The Macmillan Company, 1954), p. 44.
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men given over by the princes to the service of the Levites. The
number 284 appears in Nehemiah 11:18 as the number of Levites
present in Jerusalem. It is difficult to believe that the Hebrews
recognized these as amicable numbers when these are the only
occurrences of them and they are not even in the same book. It
is true that both numbers are associated with the Levites, but
that does not necessarily make them portend a good omen, for
other numbers are also associated with the Levites in the book
of Numbers. Dantzig's foundation seems rather insecure..
The Dperations
There is evidence illustrating all four of the basic
operations in the Did Testament. Lilords used for counting or
numbering often carry the meaning of adding or finding the sum
or total. Thus, ^9 and '^'^\'^^^ (Ps. 71:15) from
may signify "... the number or amount of a calculation or the
result of casting an account . ""'"^ The word "PJ^ is also used
for counting.
�'�^ The concept of a total is more usually expressed
by ^X"^, "head," as in Exodus 30:12, Leviticus 5:24 and many
other passages. The phrase "l.H V j for "to take
the number of," or "to take the sum of" appears in several
^ Arnold, d�. cijb . , p. 34.
M. H. Pope, "Number," Interpreter's Dictionary of the
Bible (New York: Abingdon Press, 1962), III, 562.
passages (Num. 1:2; 4:2; 26:4; 31:26). Examples of addition
problems appear in Genesis 5, Numbers 1 and 26, Ezra 2 and
Nehemiah 7. The connective ujaui is often used internally to
express addition. Finally, the word '^"'"aTH is sometimes used
for adding specific numerals (Lev. 5:16; 6:5; 22:14; 27:13; and
II Kings 20:6).
The word Vj^ meaning subtraction is used in Leviticus
16
27:18. Subtraction is further implied by the use of such words
as "residue" and "remainder" after something has been "taken
away" or destroyed (Mic. 5:3). The mathematical sense of sub
traction is not here, but the idea is certainly not foreign. The
most obvious example of a subtraction problem in the Old Testa
ment is found in Genesis 18:28-9.
The most commonly occurring of the four operations in the
Old .Testament on the basis of frequency of the words would be
multiplication. The word "H^"^ in various forms for "multiply"
or "become great" is extremely frequent, but of course does not
always mean literal multiplication. It is most commonly used in
a non-technical sense as in "multiplied merchants" (Nah. 3:16),
"multiplied people" (Hos. 4:7) and other similar passages.
Simple problems of multiplication are presented in Leviticus
25:8 and in Numbers 7:84-6, the latter problem involving both
Arnold, loc. cit.
185
addition and multiplication. Multiplication is the process
involved in the "doubling" of Genesis 41:32 and 43:12, a passage
someuhat reminiscent of the Egyptian process of multiplication.
Words for "division" in the sense of "separation" occur
in the Did Testament. The dividing of fields is spoken of in
Micah 2:4, a divided heart in Hosea 10:2 and a "division by
line" appears in Amos 7:17. The use of "division" is most
common in the Pentateuch, and appears to be used in something
like the mathematical sense in Leviticus 25:50; 27:18 and
Numbers 31:27.
Other Evidences of an Expanding Number Concept
Fractions. Only a limited number of fractions occur in
the Old Testament, and then usually in a formula (construct) form
such as "the fourth part of" uhich means one-fourth. The follouing
fractions occur in one or more passages, one of uhich is listed:
one-half (Num. 15:9), one-third (Num. 15:6), one-fourth (Gen. 47:24),
one-fifth (Gen. 41:34), one-sixth (Ezek.. 4:11), one-tenth (Num.
5:15), and one-hundredth (Neh. 5:11). If it uere not for tuo
exceptions, it uould appear that the Hebreus used only unit
fractions as the Egyptians did, but in the book of Numbers there
are several occurrences of tuo-tenths (Num. 15:6) and three-
tenths (Num. 15:9). Also, in. Nehemiah 11:1 there is a mention
of the other nine of ten parts or nine-tenths. The fractions
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mentioned here constitute all those used in the Bible, Uhile
they are few in number they prevent the conclusion that the
Hebreus used either unit fractions or decimal fractions exclu
sively. The most frequently occurring fractions are one-half and
one-tenth. M. H. Pope suggests that the "... problem of conver
ting mixed fractions to a common denominator was apparently
17
avoided." Arnold says, "The proportions of the temple of
IB
Ezekiel presuppose a considerable proficiency in mathematics."
Houever one may feel about that opinion, such proficiency uas
certainly available during Ezekiel 's period in Babylonia.
Zero. The uords for "no" and "none" are often used in
the sense of "zero." Houever, this does not imply that the
Hebreus had a symbol for zero or that they understood the
absence of a countable number as being itself a number.
Pi, The passages I Kings 7:23 and II Chronicles 4:2 have
often been assumed to imply that the Hebreus only kneu the value
three as an approximation for �i. As has been previously noted,
the assumption uas long held that this was the only approximation
that the Babylonians kneu, an assumption nou knoun to be false.
There is no absolute reason for assuming the Hebreus ignorant of
19
more refined estimates of the value of �i. The passages cited
^'^
Pope, loc. cit. Arnold, loc. cit.
Cecil B. Read, "Did the Hebreus Use 3 as a Value for
Pi?" School Science and Mathematics, LXIU (December, 1964), 765-6,
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da not say that the basin under discussion uas necessarily a
circle; it could have been an ellipse or an irregular circular
object. Another reasonable explanation is that even if the basin
uas a circle in shape, it could have been slightly less than ten
units across and slightly more than thirty units around. These
numbers uhen recorded uould then be rounded to the nearest unit.
This is a perfectly logical procedure, for the Hebreus did not use
many fractions in the recording of Scripture, These possible ex
planations in no uay exclude the possibility that the Hebreus had
a better approximation uhich they used in the business uorld,
perhaps borroued from the Egyptians or the Babylonians,
III. CDNCLUSIOIM
Having devoted this chapter's study to the Hebreu number
system, the feeling remains that the Hebreus uere neither as
brilliant as the Babylonians nor as logical as the Greeks. The
Hebreus possessed an adequate number system that they usually
wrote in full, but that could have been expressed symbolically
at nearly any time during the last millennium B. C. They could
manipulate any size of number thay uished uith addition, sub
traction, multiplication and probably division in most cases.
They uere familiar uith the idea of zero, but not uith the number
"zero," Uiith unit fractions they uere comfortable, and uith
common fractions they apparently uere familiar. The Hebreus may
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have had a better approximation for �i than the number "threes"
In all that has been surveyed, the Hebreus. seem not to
have been particularly dependent on any one of their neighbors.
They uere either eclectic or independent. The Hebreu uill be
found neither on the mathematical frontier, nor among the
mathematically ignorant of the ancient uorld.
CHAPTER X
THE CDWCLUSIOIM
I . SUMMARY
The tuofold abjective of this thesis has been to survey
the number systems of the ancient Mear East in order to better
understand the mathematical environment of the ancient Hebrews,
and to survey' the number system of the Hebrews as illustrated
by the Did Testament and in the light of neighboring accomplish
ments. This study was necessary because no comprehensive
survey of mathematics before the Greeks was available in any
one source, and no comprehensive study of the Hebrew number
system has ever been undertaken. Modern definitions of the
various types of numbers necessary to the discussion have been
outlined and used where appropriate. Most of the material
about the different number systems has been organized in terms
of a study of the base, the script in which it was written, the
elementary operations which include addition, subtraction,
multiplication and division, the secondary operations which are
the Extracting of roots and the raising to powers, and other
evidences of an expanding number concept which include the study
of zero, negative numbers, rational numbers and irrational
numbers. Speculation in the area of gematria or the meaning
of numbers has been avoided. Also, limitations have been placed
on the amount of applied mathematics that has been introduced.
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A brief statement about the weakness of most sources in pre-
Grecian mathematics has been made, and an outline, of the sources
used for this study has been set forth. The majority of sources
have been of an historical nature and have been handled critically.
Upon occasion, actual texts have been used inductively where
available. The chapters about the Babylonians and the Hebrews
have included a larger proportion of inductive results than
other chapters.
Prior to the actual surveys of the number systems, it was
deemed appropriate to outline the pattern of the probable evolu
tion of the technique of counting. This material was of a
general nature and was related especially to the Sumerian,
Egyptian and Roman systems. The sources of the information about
the evolution of counting are dual in nature. The first is the
study of the -devBlopment of the infant, his dawning number sense,
and ability to count. The second is the study of presently
existing primitive societies, noting the patterns that may
resemble patterns of ancient times. It is normally assumed
that man was limited in the number of words he used to count in
early times, probably resorting to the pattern of "one, two,
many." He later combined the first two words to extend the
system, began to use the names of the fingers to count, ;
related large numbers of objects to some stable set of rocks or
twigs, and finally tallied by means of marks. This development
191
laid the foundation for the number systems mentioned above.
The study of the ancient Near Eastern number systems
began with the Sumerians, a people who used a system that was
chronologically the most ancient known. It has been discovered
inductively that the Sumerians employed two bases and two systems,
A system using circular indentations on clay tablets preceded the
regular cuneiform in origin, but both a base ten and a base sixty
system survived concurrently for many centuries. The Sumerians
appear to have attained competence in both the primary and
secondary operations, but lacked any conceptions of zero, the
negatives or comprehensive knowledge of irrational numbers. They
did provide adequate foundations for a comprehensive understand
ing of the handling of the rational numbers in the place value
system.
The Babylonians are the mathematical dependents of the
Sumerians, The Babylonians are the first of the ancient peoples
uith whom the Hebrews had extensive contact. As expected, the
Babylonians borrowed the script and both numeral systems of the
Sumerians,. They maintained all the skills of the Sumerians in
the primary and secondary operations, and pressed forward in
the area of rational approximations to the irrational numbers.
Late in their history they developed a symbol for an empty
column which was a forerunner of the concept of zero. There
are at least three known instances of the occurrence of negative
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numbers. The Babylonians developed extensive tables in their
efforts to operate uith rational numbers, and developed the con
cept of the inverse of a number more fully than any other
ancient people except the Greeks. The Babylonians clearly
developed the most elaborate symbolic arithmetic in the ancient
luorld, and probably uere the most competent computers .
The mathematical system that developed in Egypt contrasts
greatly uith that of the Mesopotamian area. The Egyptians seem
to have been someuhat isolated from their neighbors and, conse
quently, in some uays appear backuard. The base ten system of
the Egyptians passed through three different scripts: the
hieroglyphic, the hieratic and the demotic. The Egyptians in
general appear to have been less proficient uith the operations
than other IMear. Eastern counterparts. They could add and sub
tract, probably uith the symbols themselves. They could only
multiply by a tedious process of doubling. This, however, still
alloued the operation to be performed uithout resort to the
abacus, although the abacus uas probably ordinarily used. There
is no evidence that the Egyptians could extract roots, use zero,
negatives or irrational numbers. In handling fractions, the
Egyptians used only unit fractions, and constructed tables for
the purpose of reducing other fractions to unit fractions.
Respect must be paid the Egyptians for their use of the actual
numerals for computations, but otheruise ue must regard their
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progress as less than striking uhen compared to the Babylonian
progress.
During the period betueen the supremacy of the Babylonians
and Egyptians and that of the Greeks, numerous less extensive
empires uaxed and uaned. Limited information is available con
cerning the number systems of the- Minoans, Mycenaeans, Phoenicians
and the Ugaritians through recent efforts of archaeologists and
historians. The Minoans used a base ten system, as did all the
other peoples using these transitional number systems. It uas
uritten uith three different scripts:. Hieroglyphic, Linear A and
Linear B, These uere not parallel to ths Egyptian scripts, but
there are svidences of Egyptian influences. The Minoans uere
apparently familiar uith addition, subtraction and multiplication,
as uell as certain fractions. Little else can bs said about ths
numbsr system. The Mycenaean system appsars to be a forerunner
of the later Greek system and may have played a role in the
transmission of the number system from Egypt to Greece. The ac
complishments of the Mycenaeans are roughly equivalent to those
of the Minoans. Very limited information is available about ths
Phoenicians and the inhabitants of Ugarit. They did develop
sufficient computational skill to carry on their uide commercial
enterprises.
The Greeks used tuo different scripts for their base ten
system. These are commonly called the Attic and the Ionic, the
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former being a ciphered system and the latter a usage of the
alphabet for the purpose of expressing numbers. The Greeks in
many respects developed the most advanced number system in the
ancient uorld, Houever, they uere held back from more signifi~
cant arithmetic contributions by a strange taste for the geo
metric and the formalized proof, concepts uhich uere generally
foreign to the rest of the Near East. They gained proficiency in
the primary operations, and uere capable of fairly extensive ap
proximations of square roots. They recognized the existence of
cube roots and uere the first ancient people to do this. The
Greeks used zero only in astronomy and do not appear to have used
negatives at all. They surpass all other ancients in the areas
of rational and irrational numbers. They developed the first
logical and comprehensive theory of irrational numbers. They are
to be commended for their adequate definition of number and for
the development of the method of exhaustions, Dne other area of
significant advance uas in the study of number theory, uhere
they defined several kinds of numbers such as the amicable and
perfect numbers.
The Romans retreated from the advanced concepts of the
Greeks and in fact seem someuhat isolated mathematically from
other Mediterranean cultures, Uith the aid of the abacus they
uere capable of the primary operations necessary to normal
commerce. They uere also capable of using fractions and seem
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to have shown an unusual affection for duodecimal fractions. On
the broad view, their contribution was negligible and their influ
ence upon the Hebrews practically non-existent.
The Hebrews used a base ten system as did the majority of
their neighbors. They wrote their numbers in full in most situ
ations, but at some time between the ninth and fifth centuries
B. C, began to use the alphabetic system similar to that of the
Greeks. The Scriptures contain words implying all the primary
operations and examples of all but division. Seven is squared in
the Old Testament, but there is no other evidence of any know
ledge of the secondary operations. The Hebrews were familiar
uith the idea of zero but not uith the number "zero," They used
more unit fractions than any other, but there are examples of
common fractions in the books of Numbers and Nehemiah, No trace
of negatives or irrationals other than the number �i exists. In
general, the Hebrews were neither advanced nor retarded mathe
matically when compared with their neighbors.
II, SUGGESTIONS FOR FURTHER STUDY
The most glaring deficiencies in present knowledge about
ancient number systems exist with reference to the transitional
systems which existed during the period from 1500 to 400 B. C.
More research involving existing materials needs to be conducted
and a search made for mathematical materials now unknown. These
are extremely important systems for they hide the secret of tha
transmission of number knowledge from the Babylonians through the
Phoenicians to the Greeks and from the Egyptians through the
Minoans to the Greeks. The basic dependency of the Greek system
is the prime concern in seeking more information about these
systems. Also, the number system of the Hittites is totally
unknown and needs clarification. UJith respect to the Hebrews,
even so much as a few business documents from 800 B. C. would
greatly expand our knowledge of their system,
III. CONCLUSIOIM
This study of ancient Near Eastern number systems provides
a more comprehensive survey of each of these systems than is
available in any one source. The Hebrew number system has been
described more fully than at any previous time, and therefore,
the two primary purposes of the thesis have been accomplished.
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APPENDIX
APPENDIX
SUMMARY OF PRIMARY CHARACTERISTICS OF NUMBER SYSTEMS
NAME BASE PLACE
UALUE
ZERO NEGATIVES ELEMENTARY
OPERATIONS
NUMBER OF
SYMBOLS
OLD
SUMERIAN
60 sim
plified
at 10
Imper
fect
No No +
X ?
Four
LATE
SUMERIAN
60 and
10
Imper
fect
No No + Two
OLD.
BABYLONIAN
60 and
10
Imper
fect
No No +
x
Two
SELEUCID
BABYLONIAN
60 and
10
Imper
fect
Imper
fect
Occasion
ally
+ -
x -t-
Tuo
EGYPTIAN 10 No No No +
2 1/2
Seven
MYCENAEAN
GREEK
10 No No No + -
? ?
7
PHOENICIAN 10 ? No No + -
X ?
?
UGARITIC ? 7 No No + -
X ?
Tuo
GREEK 10 No Astro
nomy
No + -
X *�
27
ROMAN 10 No No No +
X +
Seven
HEBREW 10 No No No +
X ?
27
